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PREFACE. 



This is, I imagine, the first time that any attempt has 
been made to adapt the subject of geometrical optics 
to the reading of the higher classes in our good schools. 
That this should be so is the more a matter for remark, 
since the subject would appear to be peculiarly fitted 
for such an adaptation. The great simplicity of its 
primary laws, in the first place, and the very small 
amount of analysis which, generally speaking, they 
involve, render the commencement not so unattractive 
as that of many subjects which are usually taken as 
the beginning of the second course of mathematical 
reading : whilst the new ideas and trains of thought 
which are introduced at every stage appear to me to 
be at once interesting and valuable. The conception 
of a virtual image, to take an early instance, is pro- 
bably an entirely new one to the reader's mind. So 
also is the idea of a caustic curve, and the subject 
abounds with similar new considerations. 
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But the chief advantage that this subject possesses 
appears to me to be the middle position which it 
holds between the purely theoretical and the purely 
experimental. It contains sufficient of physical in- 
terest to give reality, and the easy and certain 
experiments by which it can be illustrated are con- 
vincing evidences of the correctness of the results, 
whilst the analysis which is requisite to obtain these 
results is sufficient to afford the reader, who up till 
now has been studying Algebra and Euclid, a proof 
that the said Algebra and Euclid have really some 
distinct use in explaining the phaenomena of common 
life. 

When the idea of writing such a book was first 
suggested to me by my old master, Professor Drew 
of King's College, I was afraid that there was hardly 
room, under the present system, for the subject in 
the course of a boy's school-work : I therefore, after 
making some progress in it, wrote to obtain the 
opinion of the head mathematical masters of two or 
three of our best schools; and I cannot sufficiently 
acknowledge the courtesy with which these gentle- 
men gave me the information I required. While 
acknowledging that the doubt which I had expressed 
existed in their own minds, they urged me strongly 
to continue my work, as they fully agreed in recog- 
nizing the great use of introducing a subject into 
school-work which should combine new ideas with 
practice in former knowledge. 



PREFACE. VI 1 

The familiar use of the subject of Geometrical 
Optics by all who have received any but a very slight 
mathematical training precludes the possibility of 
originality in the facts themselves, and admits of 
but ^mall originality in their treatment. At the 
same time it is hoped that it will be found that 
this book is not merely a rescript of any existing 
work. 

It might be thought that it would be an easy task 
to adapt a subject of simple principles to the compre- 
hension of boys possessing mathematical knowledge 
of the standard usually found in the higher classes of 
our schools. I imagined so myself, and during the 
course of my working I have been gradually learning 
my error. I can only wish that what I consider to 
be an object of the highest importance had been 
approached by some one more fitted both by mathe- 
matical knowledge and experience than by one whose 
sole qualifications are considerable fondness of the 
subject and a great desire to afford to beginners some 
glimpse of one of the steps to science to which their 
daily mathematics are leading. I have endeavoured 
as much as possible to avoid the example of those 
popular lecturers who explain difficulties by ignoring 
them. But as the nature of my design necessitated 
brevity, I have omitted entirely one or two portions 
of the subject which I considered unnecessary to a 
clear understanding of the rest, and which appear 
to me better learnt at a more advanced stage, — such 
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are the subjects of Illumination of Surfaces and 

Achromatism, 

I need not say that, I shall feel most thankful 

for notices of corrections, that are needed, and for 

*. . . *. 
any suggestions as to the linxprovement of the book. 



O. AIRY. 



Wellington College, 
April 1, 1870. 




GEOMETRICAL OPTICS. 



INTRODUCTIOl^. 

There are certain ideas connected with light and 
vision which are familiar to us all from the moment that 
our powers of observation exist. We know, for instance, 
that some bodies send out light of their own, such as the 
sun, or a gas-fiame, or a red-hot coal ; whereas others send 
out only. light which they have received from something else, 
as, for instance, the bright spots on the polished back of 
a chair which come froni the light of the gas-ilame, or the 
fire, or the moon, who sends us the light which she gees 
from the sun. Then again, we cannot but feel sure that 
light comes from the object to our eye in straight lines. 
As an illustration of this there is the fact that if a small 
roundhole be made in a sheet of paper, and a steady candle- 
flame held before it, the light which passes through the 
hole will make an image of the flame upside down on an- 
other sheet of paper held parallel to the first. But this is 
only true so long as we suppose the light to be passing 
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through the same "medium," as it is called, that is, for 
instance, so long as it is passing through the same kind of 
air. If in its course it come to a surface of water, the same 
thing would happen to it as happens to a ball passing 
through the air which is suddenly struck by another ball 
thrown from the side; i.e. its course is instantly changed 
from the straight line in which it was travelling to another 
straight line. 

2. Before going any further we will give the defi- 
nitioft of some terms which we shall often have to use : — 

(i) Any point of a luminous^ body is sending out light 
in every direction in straight lines. It is therefore 
called a ^^ centre oflight^^ or a *'^ luminous poitU,^^ 

(ii) And any one of such straight lines is called a " Ray'' 

(iii) Any number of consecutive Rays form a ^''pencil.'' 
The most convenient form in which to imagine a 
pencil is a solid cone of rays, of which the centre 
of light is the vertex. 

(iv) The middle ray, or axis of the cone of rays, is called 
the ^^ Axis'' of the pencil*. 

(v) When the rays forming a pencil of light come from 
a point, or as if from a pointy the pencil is called 
a " divergent" pencil. When they come to a point, 
ox as if to 2i point, it is called ^^ convergent" 

• The ancients used to assume that the rays of a pencil were not 
close together, but separated like the fingers of the hand spread. By 
this they accounted for the fact that occasionally, in looking for a small 
object, like a needle, we cannot see it when it is under our nose. 



10 



INTRODUCTION. 



Thus if MM^ were a mirror, it is possible to see that 
rays might come off that mirror as if from 0\ or to fall 
on the screen SS as if they were going to O. Such pen- 
cils are respectively divergent and convergent, as much 
as if the rays really started from O or met at (7. 

Fig. I. 




jA 
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We shall often have occasion to talk about pencils of 
light falling upon plane surfaces and others : in all such 
cases, unless expressly mentioned, we shall suppose that 
the axis of the pencil falls perpendicularly on the sur- 
face. 

(vi) Any substance through which light passes, such 
as air, water, &c., is called a " tnedium^^ and it is 
called ^^unifarmy* when its density, upon which 
depends the amount of bending that a ray suffers 
(Art 2), is the same at every point. All media 
at present are to be considered uniform. 

3. The following example may serve to familiarize the 
reader with the idea of a ray and a pencil of light " light 
emanating from a luminous circular disc placed in the 
ceiling of a room, passes through a rectangular aperture 
in the floor. Ascertain the form of the luminous patch 
on the floor of the room below." 

1 — 2 
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(i) Let O be th6 centte of the disc ; and let a straight 
^ line of light from O travel round the hole ABCD ; 

let dbcd be the limit of light traced out by it upon 

the floor beloww 

Fig. «. 




(ii) Take any point P on the boundary of the hole, 
and thWiir. of all the rayS which come from the 
disc and pass through P, They will make a cir- 
cular patch at/ on the boundary found in (i). 

(iii) Let -P travel all round ABCD : then the circular 
patch travels all round abcd^ and radius of circular 
patch : radius of disc = Pp : PO. 

If the hole be large compared with the disc, the 
travelling circle will be small, and the patch will therefore 
be similar in shape to that of the aperture, but with rounded 
comers. 

If the disc be large compared with the hole, the general 
appearance will be a circle, whatever flie shape of the aper- 
ture. 

This example has an historical interest of its own. The 
first explanation was given by Maurolicus of Messina, in 
1 57 Si i^ words tantamount to our explanation-* The fol- 
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lowing is translated from Monteucla's History of Maihe- 
matics (Part iii. Bk. v. 2) : • , 

" Why, asked Aristotle, does a ray of the sun, after 
passing through a hole of any shape, triangular for instance, 
or even a mere straight slit, if it is intercepted at a certain 
distance^ always form a circle? and, still more strange, 
why, when the sun is partly eclipsed, does this ray in 
passing through the same hole as before, form an- image 
precisely similar to the part of the sun's disc whiqh \% 
not yet hidden? This problem, which had been up to 
that time the despair of philosophers, had compelled them 
to say with Aristotle, that apparently the light took a 
certain curvature, or a similarity to the luminous body, 
which it regained immediately on freeing itself from the 
obstacle which had forced it from its shape To ex- 
plain this phenomenon, we will first notice, with Mauro- 
licus, that each point of the aperture is the vertex of two 
opposite cones, one of which has the sun for its base, 
and the other, if cut by a plane perpendicular to its axis, 
will produce a luminous circle, the size of which varies 
as the plane of intersection is removed further from the 
opening. Thus there are depicted on the plane as many 
equal circles of light as there are points in the opening. 
And thus, if we draw on this plane a figure equal and 
similarly placed to that of the aperture, and at each of its 
points or only at those on its boundary describe a multi- 
tude of circles, the figure which they will form will be 
precisely that of the image of the sun, received at a distance 
proportional to the size of these circles. But in propor- 
tion as we increase the size of our circles, we shall see 
that the figure which results firom them will approach nearer 

to a plain circle, and this is easy of demonstration 

But why does the sun, in a partial eclipse, form in a dark 
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room the figure of a crescent, whatever is the shape of the 
opening? The explanation is the same as that just given. 
If we have a figure of any shape on a plane, and if from 
each of the points of its boundary we describe a succession 
of other figures similar to each other, and similarly placed, 
the resulting figure will approach nearer to that of those 
which are the greatest. If these are triangles, the whole 
figure will be a triangle ; if a crescent, the figure formed 
will resemble a crescent." 



CHAPTER II. 

PLANE REFLEXION. 

4. When rays of light fall upon any surface, they are 
either sent back from the surface, or else they enter the 
surface: in the first case they are said to be ^^ reflected*^ 
from the surface, in the latter case they are said to be 
^^ refracted*' into the surface. At present we will only con- 
sider the laws and some of thie phenomena of re- 
flexion. 

Some surfaces, such as polished metal, do not refiract 
at all : others, like water, partly reflect and partly refract, 
the amount reflected bearing a proportion to the amount 
refracted, depending on the angle at which the rays meet 
the surface. Thus, if a number of rays fall perpendicularly 
on to the water they are nearly all refracted : if they fall at 
an angle to the water, some of them are reflected, and the 
more their direction slopes to the water the more rays are 
reflected, until at last none are refracted at all 

5. Suppose a single ray falls upon any reflecting sur- 
face; then 

(i) The incident and reflected rays lie in one and 
the same plane with the normal to the surface 
at the point of incidence, and on opposite sides 
of it. 
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(ii) The angles which the incident and reflected rays 
make with the normal are equal to one another. 

Thus, if OP be a normal to ABCD at O, and if a ray 
of Bght EO fall upon the surface at (?, and is reflected 

Fig. 3- 




in the direction OF^ then EO, OP, and OF are all in the 
same plane, and the angle -^^-P= angle EOP, 

Thus the action of a reflecting surface upon a ray of 
light is precisely the same as that of a wall upon a very 
•elastic ball thrown obliquely against it. In playing racquets, 
for instance, one naturally, without thinking of it, places 
oneself so as to receive the ball after coming oflf the wall 
at about the same angle as it went on; and the more 
elastic the ball is, the more nearly is this true ; and if the 
ball is very elastic indeed, it is very nearly true ; and when 
instead of a ball we think of a ray of light, which is quite 
elastic, this is absolutely true. 

From these two properties, which were known by the 
ancients as well as by ourselves, all the phenomena of 
reflexion can be explained. We will consider a few of 
the simplest — at present supposing the reflecting surface to 
be quite plane. 

6. The simplest and at the same time the most com- 
mon instance of plane reflexion is that of a looking-glass ; 
in which we appear to see the image of any object, placed 
in front of the mirror, just as far behind the mirror as 
the object itself is in front 
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Let MyM^ be a mirror, edgeways td us. Let Q be a 
point of an object in front of the mirror: Q is sending out 

Fig. 4. 
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rays in all directions. E is an eye looking into the mirror. 
Draw QA perpendicular to the mirror. Let any ray 
QR strike the mirror at ^ : it will be reflected back in 
the line -^r, yfhtre ^ M^Rr=^MJiQ, Produce Rr back- 
wards through the mirror, to meet QA produced in q. 
Then the angle MJ^r= angle MJR.Q and also « angle qRA \ 
/. qRA^M^Q, and the right angle qAR^RAQ, and the 
side RA is common. Therefore, by Euclid i. 26, the 
other sides, &c of the triangles are equal ; ,\ qA^ QA. 

So if we take any other rays QS^ Q 7"... they will be 
reflected as Ss^ 7?, and these lines when produced backwards 
will all pass through q. 

Now another way of saying this is to say that the eye at 
E will be affected by these rays in just the same way as if 
they all started from q^ That is the eye will see an image 
of Q at ^, just as far behind the mirror as Q is in front, 
since Aq-AQ, 

In this we have taken only a small piece of the divergent 
pencil from Q, of which QA is the axis. After striking the 
mirror it becomes a divergent pencil from q, according to 
bur definition of a divergent pencil in Art. 3 (v), for the 
rajrs meet the eye as if they came from one point. 

An image through which the rays do not really pass, as f , 
is called ^^virttml'^ Those through which the rays really pass 
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are called ^^reaV* Thus all the images formed by plane 
reflexion are virtual. It should be noticed that if we are 
considering the rays after reflexion, we may practically con- 
sider Q and the mirror to be entirely removed, and the 
point ^ to be a real point sending out luminous rays. 

Suppose that AB was a tower on some high ground on 
one side of a piece of water, and that E was an eye on the 
other side looking into the water: will the eye see the whole 
of the tower by reflexion? 

Fig. 5. 




The eye at E will clearly see just as much as an eye at 
E ^\iti^ ME' ^ ME. 

7. If it is wished to trace the course of the rays which 
come from the object to the eye, before and after reflexion, 
we can at once obtain the construction from Fig. 4. It is 
this. " Join the image with the eye, by straight lines, and 
shade between these lines from the mirror up to the eye. 
From the points where these lines cut the mirror, draw 
straight lines to the original point, and shade. The shaded 
(Part will represent the required rays." 

Thus, using the same letters as before, join q the image 
with the eye E : and shade from R and .S to the eye. Join 
R and SX,o Q and shade. The shaded part represents the 
rays which fall from Q^ on the mirror, and thence come to 
the eye. 



Ill 



PLANE JkEFLEXION 



II 



Whenever, in future investigations, we require to trace 
the course of a pencil of rays from an object to the eye, 

Fig. 6. 




after any number of reflexions, we shall make use of an ex- 
tension of this rule — viz. : 



(I) 



(2) 



(3) 



Join the eye to last image, and shade to the eye 
from the points where these lines cut the last surface. 

Join these points to last image but one, and shade 
from them up to last surface but one. 



Join the points last found to last image but two, and 
shade from them up to last surface but two, and 
proceed in this manner, until we come to the first 
surface, when we join the points found in it to the 
object, and shade as before. 

We thus, in fact, trace the rays back firom the eye to the 
object. 

8. The result of Article 6 applies, of course, to any 
point of an object Thus every point of an object has an 
image of itself formed just as far behind the mirror as the 
point itself is in front of the mirror. 

Thus, if Q,yQ,Q^ be any object placed in any position in 



\ 
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front of the mirror M^M^, it will have an inoiage of itself at 

W^a where 

Aq =AQ, 

Bq, = ^<2„ 




The images f,, y, arid q^ all being virtual. 

9. Let M^M^ be a mirror, Q^Q,^ any object in front of 
it, the image of which is at ^j". 

Let N^N^ be another mirror, exactly facing the former, 
but let there be a screen S^S^ so placed that no rays can 
come from Q^Q,^ on to N^N^\ i,e, so that no image of Q^Q^ 
can be formed by direct reflexion at -A^,-A^. 

Fig. 8. 





„...l.-r 



Consider any point Q^. Rays of light Q^R^ Q^S, come 
from Q^ on to the mirror M^M^ and are reflected from it as 
if they came from f,, where Aq^ -AQ^. They then fall on 
iVjiV^ as JRT, SV. Now since they may be considered as 
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rays diverging /n7/w the point q^y SV and RT will of course 
fonn an image of ^^ at ^,, where Bq^^Bq^^ which will be 
seen by an eye looking into N^N^^ 

Thus the rays which reach the eye come as if from f^, 
ue, the eye E sees an image q^ of Q^. And similarly for all 
the other points of dCt- 

The shaded part represents the rays traced from Q, to 
the eye Ey by means of the rule in Art 8. 

We can easily find the distance of q^ from either mirror. 

FoiAq^^AQ,; r. q^B^2AQ^-^ Q^B-, 

.'. also q^B =2AQ^^ Q^B 

^2AQ^-^AB^AQ^ 
^AQ^-^AB; 
.'. q^A=AQ^'h2 .AB. 
10. If the rays were again allowed to faU on the mirror 
M^M^ before coming to an eye, the eye would see an 
image q^ behind the mirror M^M^y such that 

Aq^ = Aq^ ^AQ^-h 2AB, 

If again they fell upon iV^iV, before coming to the eye, 
a fourth image q^ would be formed as far behind -A^j-A^ as q^ 
is in front ; whence q^A ^^AQ^-r 4AB, and so on. 

. In this investigation we have carefully considered only 
a pencil of rays which fall ^rst on the mirror M^M^y in 
order to save confusion : but it is easy to see that in pre- 
cisely the same manner there will be a series of images 
formed by a pencil of rays which fall first on -A^^A^, of which 
s^St would be the first 

It is perhaps necessary to remark that difficulty may be 
felt at the phrase "the vcaajgt formed by reflexion." It will 
be felt that this is a wrong word to use, since the rays do 
not actually pass thrbugh ^,, ^„ &c. Of course there is no 
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image formed — ^but if an eye is placed so as to catch the 
rays which come as if from one of the points q^, q^^ &c. an 
image \% practically formed there. 

Explanation of the Kaleidoscope. 

11. (i) An object is placed between two mirrors in- 
clined to one another at any angle. To find the number 
and positions of the images. 

Let OA and OB be the mirrors. Let Q be the object, 

placed between them. . Let us consider only light falling 

first on OB. 

Fig. 9. 



Then, of course, Q has an image ^j, where f, is as far 
behind OB as Q is in front, /. e. after being reflected at OB 
the rays will appear to diverge from q^ (i). 

Next^ these rays will now fall on OA, and, since they 
practically come from q^, they will, after reflexion at AO^ 
appear to diverge from ^,, where q^ is as far behind OA as 
q^ is in front of it (2). 

Lastly, these rays will now fall on OB, and, since they 
practically come from q^, they will, after reflexion at OB, 
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appear to diverge from ^3, where q^ is as far behind OB as 
q^ is in front of it. 

We say lastly^ because it is clear that no rays which come 
off OB as if from q^ can possibly fall on OA^ ani there will 
therefore be no more images. 

The figure shews the course of a small pencil which 
comes to the eye after suflfering the greatest number of 
reflexions possible. On entering the eye the rays seem to 
diverge from ^3, ue, the eye sees an image there. 

The eye will, of course, see all the images, although 
we have traced only the course of the pencil by which it 
sees the last one. Rays, for instance, will fall from Q on 
OB and be reflected directly to the eye, which will thus 
see ^,. Similarly rays will come to the eye after two re- 
flexions, and the eye will therefore see ^,. The student 
should draw figures for himself of these pencils, using the 
rules given in Article 8. 

(2) We will now shew that all these images lie upon 
a circle whbs6 centre is O and radius OQ,* 

Fig. 10. 




For QM^^q^M^ and M^O is common; .•. QM^^ 
Mfi^ q^M^y M^ 0, each to each, and the angle QM^ O = angle 
q^M^ ; .*. the base QO = the base q^ O. 
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In just the same way, since ^i-^j = ^,^ and OM^ is 
common, and the angle ^^i!/,^ = angle q^MjO^ therefore 
qfi^qfi. 

Thus qfi^qfi^q^Oy that is the points ^, q^ q^ all lie 
on a circle, centre Oy and radius OQ, 

It must be observed that hitherto we have only con- 
sidered rays which fall upon OB first If we now con- 
sider those which fall first on OA we shall obtain three more 
images P^ P^ P^. It can be shewn that if the mirrors 
are inclined to one another at any submultiple of two right 
angles, 30", 60", for example, the last images of the two 
Systems of rays will coincide. Thus if our mirrors are 
inclined at 60**, the eye will see five images and not six (see 
figure in next article). 

* 12. The positions of these images can be formed 
generally, supposing that we know the angles QOA and 
Q,OB. 

For Q0q, = 2.Q0B (i); 

.-. q^0A=^2.Q0B+Q0A\ 
.\ qfiA = 2 . QOB + QOA\ 
.'.Q0q^^2,Q0B:¥2.Q0A (ii), 

similarly 

Q0q^^2.Q0B-^2.Q0A^2,Q0B (iii), 

Q0q^^2 . QOB'k-2 . QOA + 2 . QOB + 2 . QOA, 

so that the angular distances of q^q^q^q^--- from OQ 
are found each from the one before it, by adding alternately 
2 . QOA and 2 . QOB. 

The figures which we have drawn are of course sections 
of the mirrors perpendicular to the line in which they 
meet Although these images exist for an eye in the 
same plane as the section, yet in order that they might 
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be seen by an eye out of the plane, the mirrors would have 
to be prolonged, so that rays, after striking them, might 
meet the eye. 

So that a virtual image may be described as an image 
that does not exist until there is an eye to receive the 




rays. The eye calls the image, though not the rays, into 
existence; 

13. We can explain the reason why, when looking 
into a glass mirror, we very often see a double image of an 
object, one image bemg very faint 

Fig. i«. 




Let A BCD be the mirror. Let QNM be perpen- 
dicular to the mirror. AB is the silvered back. 

The strong image is formed by the light which, passing 
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into the glass, is reflected from AB. But a very little 
of this light never gets to AB through CD at all, but 
is reflected from CD, Thus we obtain another very faint 
image /, where qq - 2MN. 

For Mq^MQ^MN-vNQ, 

Nq =NQ] .\Mq'=NQ^MN'y 

•*• f/> which = Mq - iV^ « 2MNy 

i,e, q^ = twice thickness of the plate. 

But at present in talking of glass mirrors we shall always 
• neglect the thickness of the plate. The shaded portion 
of this figure is intended to represent the rays forming the 
faint image^ 

Note, We have here, for convenience of explanation, 
neglected the refraction which the light suflers on entering, 
and emerging from, the glass. 
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14. We have hitherto thought only of the images 
formed by rays which fall upon and are reflected from plane 
mirrors, and have seen that in all such cases we shall have 
an image of any object just as far behind the mirror as the 
object itself is in front \ and the only rule which we used to 
find this was that after a ray of light struck the mirror it 
came oflf it again, making the same angle with the mirror or 
with a line perpendicular to the waH as it did on striking it. 

Now precisely the same thing happens to a ray when it 
strikes a curved surface; but the result is not the same, 
/. e, the image is not seen just as far behind as the object is 
in front 

Fig. 13. 





Thus let AOB be the section of any curved surface, 
made by the plane of the paper, and let a ray from P strike 
the sur&ce at O : draw a plane of which the section is 

2 — 3 
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ST touching the curved surface in (3, and let MON be a 
line perpendicular to ST\ then if OQ be the ray after re- 
flection QOM^POM\ and the direction of OQ is there- 
fore just the same as if the ray had struck the plane ST 
instead of the curved surface. 

(It will be very useful sometimes when we have a ray 
striking a curved surface, to treat it as if it struck the plane 
surface which touches the curved surface at the point) 

15. (i) The simplest case of a curved surface is a 
sphere. Suppose a light placed in the centre of a 
sphere. A line from the centre to any point 
on the circumference is perpendicular to, that is, 
makes equal angles with, the tangent at that point. 
But the incident and reflected rays also made equal 
angles with the tangent, whence it follows that the 
reflected ray returns along the incident ray, i,e. all 
the reflected rays pass through the centre. 

(ii) Take an dliptical surface with a light in one focus, 
and suppose a ray to fall on the reflecting surface. 
Now we know by Optics that the incident and re- 
Fig. 14. 




fleeted rays make equal angles with the tangent. 
Also we know by Geometry that the lines from the 
foci make equal angles with the tangent; whence 
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it follows that a ray incident from one focus is ' re- 
flected to the other — and similarly for all the rays. 

An interesting experimental proof is the following. If a 
candle flame be placed in one focus and a piece of phos- 
phorus in the other, the concentrated reflected rays of heat, 
which follow the same law as light as regards reflexion, 
will ignite the phosphorus, although the direct light of the 
candle be kept away by a screen. 

(iii) Consider a parabolic mirror with a light in the 
focus. By precisely similar reasoning it may be 
seen that all the reflected rays will go off" in a beam 
parallel to the axis, the breadth of the beam of 
course depending on the size of the parabola. 

Upon this principle the construction of one kind of 
lighthouse is based. A mirror very nearly in the form of a 
paraboloid of revolution, i.e, the surface formed by a para- 
bola revolving about its axis, has a very strong light in the 
focus. The rays, therefore, after reflexion go off in a very 
strong beam of rays very nearly parallel. When this beam 
has travelled a long distance, its rays, though still much 
condensed, have spread sufficiently to form a broad beam 
of strong light : when a ship passes through this beam, it 
sees the light at the lighthouse, which it would never do, 
if there was merely the light burning and no mirror behind 
to reflect its rays. 

It should be noticed that, just as light from the focus on 
reflexion goes off" parallel to the axis, so light entering 
parallel to the axis would, after reflexion, make a beam con- 
verging to the focus. So that if we wish to collect a number 
of rays from the Sun for instance on to one spot, we, can 
da it by placing a parabolic mirror behind the spot, the 
larger die better, having the spot for focus. 
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'Suppose that we have, as before, a candle in S\ and a 
piece of phosphorus in S\ but that the direct heat from S 

Fig. 15. 





is kept oflf by a screen. Place a parabolic mirror A'ff 
behind 5', with its focus in S and its axis in the line SS, 
Place another parabolic mirror AB with its focus in S and 
its axis in SS. The rays from S will come off AB and 
on to AB parallel to the axis : they will therefore converge 
to Sy and will light the phosphorus. 

16. A spherical surface is the only one of those which 
we have named which is easily made, and is constantly used. 
We will therefore now consider the phenomena connected 
with reflexion at a spherical surface. 

In doing this it will be found better to consider a pencil 
d( rays as a series of conical shells of rays, one within the 
other, all the vertices coinciding at the luminous point. 

Let Q be a luminous point inside the sphere : let O be 
the centre of the sphere, and let QO produced meet the 
surface in A, Let the figure be a section made by the 
plane of the paper, in which both Q and O are supposed to 
lie. 

(i) Consider now a pencil of light of which QOA^ 
which falls perpendicularly on the mirror, is the 
middle line or axis : then, since QOA is the only 
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ray of the pencil which falls perpendicularly, it is the 
only ray which will be reflected off perpendicularly, 

Fig. 16. 




and all the other rays will be reflected symmetrically 
round it, and it will therefore be the axis of the 
reflected pencil 

(ii) Of that pencil consider only one of the conical 
shells of rays, viz. that whose vertical angle is RQK* 

(iii) Of that shell consider only the ray QR. 

Join OR : then since BA C is part of a circle ROv& the 
normal at R> Therefore the ray QR is reflected back in 
direction R^\ where angle 0-ff^'= angle ORQ; 

.'. by(Euc VI. 3)^ = ^ (i). 

Similarly QR' will be reflected to ^% and so will every 
ray of the shell whose vertical angle is RQR. So that the 
divergent conical shell from Q forms, after reflexion, a con- 
vergent conical shell to /'. The point ^' is called the 
"7^^«^" of the shell 

Now consider another conical shell whose vertical angle 
is SQS, This will in like manner have a focus / near to 
^\ and thus each shell will have its own particular focus on 
the line QA, 
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17. It can be proved that the nearer to A that the 
rays from Q fell, Lt. the smaller we take the vertical angle 
of our shell, the more nearly do the foci coincide. That is, 
q^ is less than //'; /^' is less than ^z/", and so on. 

Fig. 17. 




The point where the reflected rays of the shell with the 
least imaginable angle cut the axis is called the " Geeme- 
trical Focus " o[ the pencil Close to it then the points //' 
&c. lie thickest, that is, more reflected rays pass close by 
that point. That is, an eye looking into the mirror would 
see the strongest light if it happened to be placed so as to 
catch the rays which before reflexion fall on the mirror very 
close to the axis. This point is therefore usually taken for 
the image of Q. If we agree to think only of rays which 
fall not far away from the axis we can say that, approodmatdy^ 
after reflexion they will converge to the point called the 
" Geometrical Focus,*' and an eye will therefore see an image 
of Q at that point This image then is different from that 
fbnned by plane reflexion, in that it is real^ whereas in plane 
reflexion it was virtual. But it is not distinct^ since the rays 
by which it is seen do not pass accurately through a point, 
as they appeared to do in plane reflexion. 

18. If the student will apply precisely the same reason- 
ing to the case of a convex mirror, he will see that precisely 
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the same results follow, with this exception — the image will 
be virtual and not real. 

The following figures will serve to shew the course of 

rays to the eye. 

Fig. 18. 




Fig. 19* 




19. To find the position of the " Geometrical Focus " for 
the concave mirror. 

Since the Geometrical Focus is a point of such import- 
ance, it is of great consequence to know exactly where it 
lies telatively to the object 

In Art r6 it was proved that -^ « ^- , where OR is 

Rq Oq ^ 

any ray from Q. 

Suppose now that QR is taken close to the axis. Then 
QR may be regarded as equal to QA \ since by bringing 
the ray closer and closer to the axis, the difference between 
QA and QR may be made as small as we please. Similarly 
Rq becomes Aq^ where q is now the g. f. 
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Thus 
QA QO _ QA _ 



or 



QO 



Aq Oq ^ Aq" {AO-Aq)' 



QA AQ^AO 
Aq AO-^Aq' 



whence 



+ -.- = 



AQ Aq AO' 
Proceeding in a similar way for the convex mirror it 

II 2 

would be found that -r^ + --- a= - _— - . 

AQ Aq AO 

20. Thus finally the image of any point of an object 
lies on the normal to the mirror from that point, at distance 
Aq from the point where this normal cuts the mirror, such 



that 



+ -T- = 



AQ Aq~ AO' 



Fig. 20. 




This, as we say, applies for any and every point of the 
object. Thus an image of any object PXQ will be formed 
smaller, and inverted. 

Thus, in the figure, ^"^ ^= -Jq^ 



I I 

I I 
'CQ'^'Cq' 



AO' 

2 



AO' 
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Similariy it will be seen that in the convex mirror the 
image is smaller and erect. 

2 1. The Geometrical Focus of a pencil of rays from an 
infinite distance — ue, a pencil of parallel rays, is called the 
" Principal Focus " of the mirror. 

Now when AQ is infinitely large, -j-?= is indefinitely 

small and may be left out, and therefore the formula 

—r7\ + -7- = -T7^ becomes -r^« -tt^ > where /^ is the prin- 
AQ Aq AO AF AO ^ 

cipal focus. That is, F is midway between A and Oy or 

the image of a star would be seen there, since a star is a 

very long way oflf. 

22. There is now one point to notice to which we 
shall often again refer, regarding the signs of lines. We 
will always make use of the following convention. All lines 
measured in the direction opposite to that of the incident 
light are to be regarded as positive lines, and vice versa. 
Thus in Fig. 16 ^^ is positive, and therefore that is taken 
as the standard case. AQ^ mus^ of course, always be posi- 
tive for divergent pencils. Now consider the case of a 
convex mirror with a divergent pencil. AOis then measured 
in the same direction as the incident light and is therefore 
negative. The formula, therefore, which for the concave 

I I 2 .„ , I I 2 

mirror was -;- + -r^ » -r-x will now be -r- + 



Aq AQ AO A^ AQ AO' 

(Compare Art 47.) 

This point will present no difficulty to those readers 
who are familiar with the elements of Analytical Geometry. 

Suppose now that we wish to find the position of the 
Principal Focus. This is the Geometrical Focus of a pencil 
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pf ray9 from an infinite distance. Thus if J^is the Principal 
Focus, -J^-^-^Q^-Jo' ^"^ :^ " °' ^^^^ AQ^6o^, 

12, 

.•. -jjp^ -j7^ ] ^'.^. the Principal Focus lies halfway between 

the mirror and its centre — or the light from a star would 
make a bright spot there. 

23. Thus, finally, we have the following facts connect- 
ing Q and q. 

(i) Q and q lie on the same normal For all rays 
from Q when reflected pass through ^, and since 
the normal ray is reflected along itself, q must lie 
upon it 

(2) If ^ be the extremity of the axis, and the pencil 
be divergent, -j- + -^ = ± -jq , according as the 

mirror is concave or convex* 

2 

(3) Since -r^ = constant quantity, 2s AQ increases 

or decreases, Aq does just the opposite, in concave 
mirrors; i,e, Q and q move in opposite directions. 
In the convex mirror they move in the same 
direction. 

(4) Since, in the concave mirror, when Q goes farther 
from Ay q comes nearer, and, since, when Q is at 
its farthest, q comes to F the principal focus, there- 
fore Q and q must lie on the same side of i^ always. 
Similar reasoning proves the same fact for the con- 
vex mirror. 

By a principle which we have used before (Art. i j), if 
light can travel from any luminous point Q to any other 
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point qy by any number of reflexions, then if a light be 
placed at q its lays will go to Q by precisely the same path 
that it used before. This would be the case in fig. 16. Or 

.11 2 

we can see it at once from the equation -j- + — r-^ « ^j-^, 

where it makes no difference if we interchange AQ and Aq, 

24. We will investigate the motion of Q and q still 

further. 

Fig. 21. (i) 
(i) Let -^be the principal 

focus of the concave 
mirror. Then rays from 
a point very far from 
Ay that is parallel to 
the axis, converge very 
nearly to F (fig. i). 

(2) Let Q come nearer 
the mirror from the 
right The rays from 
Q then converge very 
nearly to some point q 
to the right of Fy since 
^i AQ decrease, Aq must increase (fig. ii). 

(3) Let Q come to the centre. The reflected rays all 
converge to O, Q^ and q meet (for if AQ^AO 
so does A^, 

(4) As Q goes to the left, 
Q and q cross, and q 
goes off to the right, 
until, when Q has come 
\.Q Fy q has gone to an 
infinite distance (fig. iii). 
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(5) As Q still approaches A^ q as it were turns the 
comer at infinity and appears again to the left of 
^, approaching -4 (fig. iv). 

(iv) 




(6) When Q arrives at A^ q does so also ; for from 
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25. It cannot be too often recollected that the point 
q is not the point through which all the reflected rays pass, 
for thei^ is no such point But close to it the rays which 
fall on the mirror very close indeed to the axis, from Q, cut 
the axis after reflexion. If we take rays from Q which fall 
on the mirror further from the axis, we find that they cut the 
axis at appreciable distances from q-y and also that the 
points of section of the axis become more and more scatter- 
ed as the rays fall on the mirror further and further from 
the axis, all being on the side of q towards A. 

Thus, if the dotted lines represent the reflected rays, 

Fig. «3, 




!^"e55»ws^ 






Z 
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the rays before reflexion not being drawn, to save confusion 
in the figure, fig. 22 will represent the course after reflexion 
of the rays forming the part of the pencil which strike the 
mirror above the axis. 

The figure, as before, represents a section of the spherical 
mirror and pencil by the plane of the paper. 

Fig. 12, 








Let Rr, Ss, 57... be the reflected rays. 
Let i?r, Ss intersect in a, 

Ss, Tit Ifj 

7Y, Vv r, and so on. 

Now suppose an eye at E receives the rays Ss^ Tit. It 
receives them as if they both came from ^, since they cross 
one another there. That is, the eye sees a bright spot there; 
brighter than elsewhere along either line, since double light 
comes from that one spot. 

Similarly, if the eye received iPr, 5f, and Tty it would see 
two bright spots a and b : for it would receive Rr and Ss 
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as if from «, and *Sx, Tt as if from h. And if it received Rr, 
Ssy Tty Vvy \t would scc three bright spots a^ b^c\ and so 
on. 

And if we conceive a great number of rays falling upon 
and being reflected from the mirror, it is plain that there 
will lie a great number of spots of light very close together. 
All these points form a curve, whose cusp or stopping-point 
is the geometrical focus.. Each consecutive pair of rays 
comes to the eye as if from some one point on this curve ; 
that is, the eye sees points on the curve abcdq. Since the 
pupil of the eye is a very small thing, only a few consecutive 
rays can enter it, and therefore it can only see a very small 
piece of the curve at a time. 

This curve is called the caustic curve. 

If we caused BAC to revolve about the axis we should 
obtain a portion of a spherical mirror, but as BA C revolved, 
so would cUfcd^f and therefore, instead of a caustic curve, we 
should have a caustic surface, 

26. Figure 23 is intended to represent the caustic 
curve formed by reflexion from a semicircular mirror of a 
pencil of rays which fall on it parallel to the axis. The 
cusp will be at J^, midway between O and A ; since that is 
the position of the principal focus. The curve on the 
paper in the experiment suggested will be brightest at and 
close to jF, since the points of intersection are closer there 
than elsewhere. Or, supposing the rays to come directly 
to the eye, an eye at £ for instance will see stronger light 
than an eye at £\ since the rays when they come to JS^ are 
more spread than those which come to JS, and therefore 
fewer of them enter the eye. 

3 
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We have hitherto considered the geometrical focus as 
the image of a luminous point ; but that was only when we 
supposed the eye on or very close to the axis, when the rays 
passing through the geometrical focus come to the eye. 
But, clearly, for an eye at JE! the image which it sees is not 
at the geometrical focus but at that point on the caustic 
curve through which and close to which the rays coming to 
the eye pass. Thus, if the light of a star was shining on the 
circular mirror, an eye at E' would see a blurry image of 
the star at ab. 

In some cases the caustic curve reduces to only one 
point : the caustic of a circle, the luminous point being in 
the centre, is the centre. The caustic of an ellipse, the 
luminous point being in one focus, is the other focus ; of a 
parabola, for rays coming parallel to the axis from a great 
distance, it is the focus. The caustic of a plane surface is 
the point as far behind the surface as the light is in front, 
on the same normal. In fact it is always a single point 
when the reflected rays pass or seem to pass accurately 
through it, as is true in all these cases. 

27. Since the rays Rr,Ss, TY,,. (Art. 25) actually pass 
through the points a, b,c.,, the caustic curve exists, although 
no eye receives the rays. This can be shewn ver}^ clearly 
thus. Bend a piece of watch-spring into an arc of a circle, 
and fix it edgeways on a sheet of paper. Then place a 
light in the axis, the least bit above the plane of the paper; 
or, if the sun is shining, let the rays of the sun fall on it. 
The reflected rays will fall on the paper and make a brilliant 
curve, the whole of which is visible to the eye, since it is 
seen by the light on the paper, not by the directly reflected 
rays. A rough caustic curve may be observed on the bottom 
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of a tea-cup, formed by the rays which have been reflected 
from the sides. 

Fig. !>3> 
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28. We have shewn in the last chapter that when a 
pencil of light is reflected from a spherical surface, the 
reflected rays of light all touch a certain surface called the 
caustic surface ; or, if we consider only the rays in the plane 
of the paper, they all touch a curve called the caustic 
curve, whose cusp is at the geometrical focus of the pencil. 
For the present we will only consider rays in this plane. 

Fig. 24 (i). 




If now we consider only a very few of these rays, all 
close together, they will, after reflection, touch the caustic 
curve at points very close together, and if we take them 
close enough together, we may consider them as passing 
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through only one point on the caustic, but cutting the axis 
of the direct pencil from Q, of which they form a part, in 
different points. 

Let then QR^ QS, QT be rays from Q in the plane of 
the paper falling on the mirror so close together that after 
being reflected they may be supposed to go very nearly 
through one point q^ on the caustic, and cutting the axis 
QA of the pencil of which they form a very small part in 
different points very close together. Let q^ be the point 
where the middle ray aits QA', then all the other rays 
which fall on the mirror between R and 7J pass through 
the line JIK^ which we will suppose drawn parallel to the 
tangent at S, 

29. Now suppose the whole figure to rotate through a 
very small angle about the axis A Q, so as to form a solid 
figure. 

Fig. H (ii). 




Then (i) R7 describes a portion of a ring, the shaded 
part in the figure representing the part on which 
the rays fall 
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(ii) The point q^ describes a very small arc of a circle, 
q^q[y radius Nq^, so small that it may be regarded as 
a very small straight line perpendicular to the plane 
of the paper; and rays pass all through this small 
line. 

(iii) HK^ since it rotates about the point q^^ describes 
a figure which may be called an elongated figure of 
eight, so that there are rays passing through all the 
surface of the two triangles Hq^^ ^^^'^ But 
this figure of eight is so very nearly a straight line, 
since the angle through which we have turned the 
figure is so very small, that we may regard it as really 
such« 

The line q^q* is clearly at right angles to the plane 
RAQy since it is formed by the rotation of the whole figure 
about A Qy which is in that plane. 

■ 

Thus we may say, approximately, that all our rays of 
this very small pencil after reflection pass through two very 
small lines at right angles to one another. The first of 
these, the one formed by the revolution of q^, is called the 
'^Primary Focal LitUj* the second is called " The Secondary 
Focal Line^^ 

(One difficulty that the reader will probably have felt in 
this subject is the fact that in order that our results may be 
even approximately true, we are obliged to take only such 
very small pencils of light. But if he will consider what a 
very small thing the pupil of his eye is, and what a small 
pencil of light it can receive, this difficulty will probably 
vanish.) 
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30. If a section be taken of the reflected pencil at ^^ by 
a plane parallel to the tangent plane at S, we have seen that 

Fig. 24 (ii). 




the section is approximately a straight line in that plane /<fr- 
pendicular to the plane RAQ,> If this plane be supposed to 
move gradually from q^ to q^^ remaining parallel to itself, 
the height of the section increases and the breadth dimi- 
nishes in the moving plane, until at q^ the section is a 
straight line in the moving plane, but at right angles to its 
former direction. Since this change goes on gradually, 
there must be one position of the plane at which the height 
and breadth of the sections must be the same, and the 
section, or the spot of light formed on the plane, is very 
nearly square. The section of the reflected pencil at this 
point, i.e, ab, may be called the "Section of least con- 
fusion " of the pencil, and if the comers be cut off" RTVKy 
so as to make it oval, this section becomes nearly a circle, 
which is called the " Circle of least confusion." 

Thus it can now be seen that if a screen were placed at. 
q^ an image of an arrow (fig. 25, i) placed at Q would be 
seen thus (fig. 25, 2) : while, if placed at the point q^ the 
screen would receive an image thus (fig. 25, 3). And, 
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lastly, if placed at the point where the circle of least 
confusion is formed, it would be seen thus (fig. 25, 4). 

Fig. 25. 
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31. Thus, finally, an eye on the axis receives a small 
pencil which may be regarded as diverging approximately 
from a single point called the Geometrical Focus — since for a 
very small pencil close to the axis these two small lines and 
the circle of least confusion all come together. But supposing 
the eye not to be in the axis, and therefore not capable of 
receiving a small pencil which falls close to the axis, we see 
that we have found two ways of expressing the nature of the 
image which it sees of the luminous point, viz. either we 
may regard the pencil which enters the eye as diverging 
from a point on the caustic surface, or, more accurately 
still, fi^om two very small lines at right angles to each other. 
Since the circle of least confusion is the nearest approach to 
a point that the reflected pencil can reach, we may take // 
as the image of Q, and if Q is of finite size, the image will 
be as in fig. 25 (4). The size of this circle clearly measures 
the indistinctness of the image. 



CHAPTER VI. 

Rtfraction at a plane surface. 

(i) When a ray of light has been passing through 
any one medium of unifoim density, and suddenly 
reaches another medium of different uniform density, 
it is found that it does not go on in its original line, 
but is bent aside on entering the new medium. It 
is also found by experiment, that, if it enters a dense 
medium from a rare medium, it is turned nearer to 
die normal, as in (i); if from a dense medium into 
a rare medium, it is turned further from the normal 
as in (ii). 

(i) Fig. a6. (ii) 



(ii) It was also found that the following relation held 
between the directions of the ray before and after 
refraction. 



42 GEOMETRICAL OPTICS. tCHAi-. 

Let QOq be a ray In the plane of the paper. Take O^ 
= OQ and draw QM, ^jVperpendicular to the surface. Then 
the relation that holds is this. OM; ON'm a constant laCio, 




whichever ray we take, supposing the media to remain 
unaltered. Thus, if QO'g' be another ray, then C/M: 0N' 

in the same ratio as before : if 0M-= ^ ON, then aM= ^ 

2 2 

CJV^ and so on. 

33. The fact stated in Art, 32 (i) was first distinctly 
stated by an Arabian mathematician, named Alhazen, who 
lived about iioo; although the phenomena of refraction 
had been remarked sooner: Seneca, for instance, remarks 
that an oat in clear water appears broken, and that apples, 
seen through a glass are magnified, and Archimedes is said 
to have published a book " on a Ring seen under water*." 

Alhazen also knew that the quantities of refraction differ 
according to the magnitude of the angle QOM(fig. 27), 
and moreover that the angles of refraction do not follow the 

■ WlieweE's History of Inductive Sciences, Vol. 11. p. 34S- 
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proportion of the angles of incidence, ue, that if, for instance 
Q0M^2QCyM, then qONis not=2/(9'iV^ (fig. 27). 

After reaching this point, there remained nothing to be 
done with regard to refraction except to go on experiment- 
ing and conjecturing till the true law of refraction was 
discovered, viz, the law in Art 32 (ii). This was discovered 
at last by Wildebrord Snell, a Swede, about 162 1, but the 
law was first published by Descartes, \^ho had seen SnelFs 
papers. Snell enunciated the proposition in the following 
form. 

Let Q be the luminous point and QO 2i ray meeting the 
surffi^ce in O, Join OQ, and describe a circle AQB^ centre 
Oy distance OQ. Draw QM perpendicular to the surface, 

Fig. a8. 




and take ONi OM'm the given ratio : draw JVq at right angles 
to the surface, meeting the circle in ^ and join Oq, then 
O^ is the direction of the ray after refraction. The ratio 

OM: ON, ue. the fraction -Tyrr, is usually denoted by the 

S)rmbol /x, and is called the Refractive Index of the media. 

If QP be produced to meet the circle in jP, the angle 
POq^ or the diflference .between the angles QOX^ qOX' 
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which are called the angles of incidence and refraction, is 
called the Deviation of the ray QO, 

34. This law is called the Law of Sines; and the reason 

of this is easily seen. For if 6 and <\> be the angles QOX, 

qOX'^ ue, the angles of incidence and refraction of the ray 

•^>i xi- OM sin^ sind . ^ . , 

QO^\hen'yr^ = - — -; .•. ^— - = u, or sin ^ = u sin 6. 
^ • ON sin<^' sin</> '^^ r ^ 

In precisely the same way, if V and <l> be the same 
quantity for another ray, sin tf' = /x sin <t>\ 

Thus the laws from which all the phenomena of refrac- 
tion are deduced may be briefly given : 

(i) The incident and refracted rays lie in one and the 
same plane with the normal to point the surface at 
the point of incidence, and on opposite sides of it 

(ii) If and ^ have the meanings assigned to them, 

. sind OM. , ^ ^. 

then - — r or -^^^s^ is a constant ratio, 
sin <t> ON 

Obs. Since on entering a dense medium from a rare 

, . , , , OM sin^ 

one the ray is bent nearer to the normal: .*• -prrrL. or - — - , 
^ ' ON sin</> 

(/. e, fi) is greater than i, and vice versd. It should be re- 
marked that when a ray of light strikes any refracting 
substance such as glass or water, &c. some of the light 
is always reflected, and the larger the angle of incidence 
is, the more light is reflected. 

35. Suppose now that a conical shell of rays diverging 
from Q fall upon the plane refracting surface AB, The 
rays forming this shell will, by symmetry, all be refracted 
in just the same manner relatively to the axis QA which 
is drawn perpendicular to the surface. 

Let QI^ be any one of the rays of our conical shell 
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(The figure, as before, represents a section by the plane of 
the paper.) 

QR will be refracted, in direction RI' neafe^^to. ^^ 

Fig. 39 I \ ' 



U4 



normal (by Art 32), Let 5/", produced backwards, meet 
AQ produced in S. 

The position assumed by 5 when QR falls as near as 
is imaginable to QA is called the geometrical focus of the 
point Q. Let q be this position. 

Take RP=R<2 and draw iW perpendicular to the 
surface. 



RN 

AR n.RJV ^.RN AR ^ . ., . , 
■■■ RQ = -^Q = -rT '^'RS^'^ '"""'^ ^^"e'" ' 
.-.RS^fL.RQ. 

If now we suppose our rays to fell on the surface very 
close to A, RS becomes = Aq, 

RQ =AQ. 

.: Ag^^.AQ (ji). 

Thus if /t-^,^Q = 3feet, then ^y = ^ . 3 = 4 feet. 

36. By using trigonometiy this investigation may be 
made much shorter, 

-Box\iRQA = e, RSA-^A, ^=a. 
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or in the limit A^=fu4Q, 

If the refraction is froiti t^q into dense /a is > i and <^ 
is to right of Q, and vice versd. 

37. It is necessary to understand clearly what we have 
proved in Arts. 35, 36. It is this. Suppose that of all the 
rays which fall from O upon the surface, we select only a 
very small pencil the axis of which falls at right angles to the 
surface : then all these rays will after refraction proceed as 
if they were diverging very nearly indeed from one point q 
on the axis such that Aq ^{i.AQ, This point then, which 
is called the geometrical focus, would be, for an eye re- 
ceiving such rays, the image of the point Q, (Compare 
Reflexion.) 

By the principle that light will always return by the 
same path as that by which it has gone, we see that a, pencil 
^^verging.tQ .<^ from the left, would, on coming into the 
rare medium, be bent so as to converge to Q, 

Critical angle, 

38. It is found that a ray entering a dense medium 
from a rare medium is always refracted, however great an 
angle its direction makes with the normal to the surface, but 
that there is a direction after passing which a ray entering 
a medium rarer than its own is not refracted, but is entirely 
reflected. This we can easily see from fig. 29. 

Suppose that there the medium below -(4^ is the denser: 
Le. /i, > I. Then OM=fi. ON, i.e. OM is always > ON. 
But the greatest value of OM is 0B\ .-. (9iVcan never be 
so large as OB or OA^ however near OQ comes to OB. Its 
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greatest value in fact = - OB^ corresponding to the ray from 

Q when Q comes to B. 

' Thus, since light can always retrace^ its steps, we see 

• < I 

that a ray from any point P nearer to A, if ON^- OB, 

would not be refracted at all, but would be reflected at the 
surface. 

From fig. 30, qN' = Oq" - ON' = OB' - 0N\ 

But OB^iL. ON', .\ qN' = {fi'-i) ON'; 

... ON^ 4^ 



Fig. 30. 




Therefore, to construct the critical angle for any point q 
in the dense medium below AB, draw qN perpendicular 

to the surface, cut off NO=-ji=r and join qO; then 

NqO= critical angle, and Oq is the direction of a ray from 
Q close to the surface after refraction. 

Thus to an eye at q, all objects above the surface would 
appear to be placed within the cone whose vertical angle 
= 2NqO : while if q be taken as the luminous point all rays 
such as qff making a greater incident angle than qO will 
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not get through to the rare medium at all, but will be 
reflected internally. 

Trigonometrical Explanation, 

39. If (? and <^ be the angles of incidence and emer- 
gence, sin tf = ft sin <^, or sin <^ = - sin 6. 

Now if the refraction is from rare to dense - < i and 

/A 

.•. sin <^ is < I whatever value 6 has, i.e, if> is possible for all 
values of 6, or a ray can always be refracted into a dense 
medium. 

But if the refraction is from dense to rare^ - > 1 and 

.-. sin<f> is < I only so long as sind is <- or (?<sin~^-. 
That is, if the ray falls upon the surface making an angle 
greater than sin'* - it will not be refracted. The ray that 

makes an angle = sin"* - comes out along the surface after 
refraction. 

This angle sin"* - corresponds to the angle N^O in fig. 30. 
Thus, from water into air, no ray will be refracted mak- 



.-1 3 _ .:^-i 2 
into air. 



ing an angle greater than ski"* -, or sin"* - if from glass 

4 3 



CHAPTER VII. 

Miscellaneous^ 

40. As in reflexion at a plane surface, what was proved 
true for the single luminous point Q is true of any point of 
a luminous object Thus, any point of a luminous object 
has its Geometrical Focus at a distance from the surface 
determined by the formula of Arts. 36 and 37. 

Let -PQA' be any luminous object, and ^-^Cthe refract- 
ing surface denser than that in which is PQX^ Then P has 
its Geometrical Focus at/, where 

Bp^^.BP, 

So Aq'^'fi.AQ, 

Cx^fi, CXf 

PBy QA and XC being supposed normal to the surface. 

Suppose that PX and px are produced to meet : they 
will meet \xi BC produced, since BP \ Bp \\ CX : Cx^ and 
also Bp and Cx are parallel Now in the corresponding 
figure for plane reflexion (Art 9), we were able to take the 
points/, x^ q as the actual images for an eye in any position. 
But here each\)f these points is to be regarded as the image 
only when the eye is placed on the axis of that point, so that 
no eye could possibly see a distinct image pqx of the wholp 

4 
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oiPQX, unless it were at an infinite distance, when it might 
be regarded as on the axis of all points of the object equally. 




The image reailjf seen of any point Q by an eye not on 
the axis, will be seen in exactly the same way by rays all 
of which come to the eye as if they touched a caustic curve. 
Figure 32 represents such a caustic supposing the refraction 
to take place from dense into rare. 




The rays QR are diose which fall upon the surface at 
the critical angle, and are therefore reflected back again, as 
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RS^ instead of getting through the surface. Thus angle 

RQR-2 sin~* - . A ray falling onl the surface the least bit 

nearer to iVthan R will be refracted in direction RT^ close 
to the surface. QiVthe normal ray vtf'ill of course pass through 
in the same line, and the other ratyiS will all be refracted as 
in the figure. Now it can be pfoved, as we said in the 
corresponding part of reflexion, that if we produce the 
directions of these rays after refraction backwatrds,- they will 
cut the axis QN in points the consecutive distances of 
which continually increase. 

Thus there wilj be a virtual caustic curve formed instead 
of a real one. If E then be an eye in any position, and 
QXxy QYy \it. the extreme rays of the very small pencil 
which come to it, all the rays of this pencil, viz. those falling 
on the surface between X and F, Will come to it as if from 
points on the caustic curve between a and ^, and so a blurry 
image of Q will be seen by the eye E at db. This caustic 
curve, then, has its cusp, as before, in q the geometrical 
focus, and touches the surface at R and R, 

The reader is recommended to draw for himself the 
caustic formed by refraction from a rare medium into a dense 
medium. 

Figure 33, then, will shew why a stick partly in and 
partly out of the water appears bent where it enters the 
water. 

Let Q and X be points of the stick, q and x their Geo- 
metrical foci. Draw the caustic curves of these points Q 
and X, Then an eye at E will see a blurry image of Q at 
jj, and a blurry image of X at tt where the rays to the eye 
from Q and X touch the virtual ciiustics of those points. 
The same will be true for every point of the stick. Thus 

4—2 
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the eye will see the stick as in the figure : the image ap- 
pearing curved. This effect may be noticed when standing 
above water of an uniform depth. The bottom appears to 

Fig. 33. 




slope gradually up to the water as it recedes from the 
place where we are standing. 

41. We will now give an example which combines the 
principles of plane reflexion and plane refraction. We 
shall assume that the image in each refraction is at the 
Geometrical Focus. 

Example, A pencil of light passes through a triangular 
prism of glass, after having suffered one internal reflexion 
i^ one face of the glass. To trace its course from the 
origin. 

Let ABC be a section of the prism made by the plane 
of the paper. Let ^C be silvered, so as to reflect light 
Let PQ, be the object. Then 
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By refraction at AC^ FQ will have an image 
FiQ^ of itself on the normals to AC, such that 
mP^ -IM. . mP, nQi=fi,nQ. By Art. 44 it will be so 
inclined as that it meets PQ produced in a on 
the surface AC. 



Fig. 34. 




(ii) After entering the glass the light goes as if it came 
from PiQi until it falls upon the reflecting surface 
BC^ when, by the principles of plane reflexion, it 
will have its image at -P,G«> o^^ the normals to BC^ 
where m^P^ = m^P and n^Q^ = n^Q^. 

(iii) After striking BC the light goes as if it came from 
PJQ,^ until it emerges at AB^ where by refraction it 
has an image PJ^^ such that 

M^^ = - . m^P^ and n^Qs= - n^Qr 
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As before, P^Q,^ and PjQ,^ would meet in BA 
produced. 

It would be a very good exercise for the reader if he 
would trace the course of a small pencil of rays from Q to 
an eye placed anywhere in the plane of the paper. He 
must remember that the Geometrical Focus is taken for the 
image at the refractions, and that at the refractions he must 
therefore only consider rays falling nearly at right angles. 

42. A coin is placed at the bottom of an empty hemi- 
spherical basin of given radius ^ and is just not visible to an 
eye looking over the edge. When the basin is filled with 
7vatery the whole of the coin is just visible to an eye in the 
same position. Find the diameter of the coin. 



Fig. 35. 



>' 




Let AB be the diameter of the coin =2x. Since at 
first it is just not visible to the eye, therefore the eye lies 
in AC produced. Since, when the basin is full it is just 
visible entirely, therefore the ray from B through C is just 
lefracted to the eye. 

Thus B = angle of incidence of BC= BCN, 
f^ = angle of emergence oiBC-A CN^ 
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BN_ AN 






where /x = index of refraction from water into air ; 

a-x a+x 



J(a-xY+a^-c(^ ' J{a+ xf + a'-x^^ 



a—x a+x 

or -j===^=fi 



J2a{a — x) J2a{a + x) 



whence x = a, ^ . 



This problem was explained as early as a.d. 140 by 
Ptolemy, the Alexandrian astronomer. 



CHAPTER VIII. 
Refraction at a spheriazi surface, 

43. To find the Geometrical Focus of a pencil of rays 
after direct refraction at a concave spherical surface. 

Fig. 36. 




Let Q be the luminous point, and let O be the centre. 
Then QOA is the axis of the pencil from Q which falls 
directly on the surface. Of the pencil consider any liay 
QR which falls on the surface at R) let Rr be its direction 
after refraction, nearer to the normal OR than before. Let 
RMhe the plane touching the spherical surface at R, (the 
whole figure being, as usual, a section by the plane of the 
paper): let QMhe a perpendicular to this plane. Let MQ 
and rR produced backwards meet in S. 

Since RMis a tangent plane at Rf the refraction which 
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takes place there is the same as would take place at the 
plane refracting surface RM, 

.-. MS = ix. MQ by (Art. 39. i.) 

But, by similar triangles, ROq, SQq, 

QS^OR 
Qq~ Oq' 

MS-MQ OR 



or 



Qq AQ-AW 

Substituting for MS 

MQifi-i) ^ AO 
AQ-'Aq ~ Aq-AO' 

In the limit, when R moves up to Ay MQ becomes A Q, 

(fi-i).AQ AO 
•'• AQ-Aq '^Aq-AO' 

whence ~ 77S = ^-T7r i^)- 

Aq AQ AO ' 

Thus, if a number of rays from Q fall on the surface very 
nearly at A^ they will, after refraction, proceed as if they 
came almost exactly from q^ where the position of q is 
found from the formula (i). 

-I 
Example. ft = - , -^ Q = 6 feet, AO-/^ feet, 

2 Aq 8 6 24 ' 
.-. ^<2 = — = 5|feet. 

If the surface were convex the formula would be found 
to be 

/X I /X— I 

A'q'AQ ~A0' 
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44, If now we suppose Q to be very distant, a star, for 
instance, i.e. if we suppose a pencil oi parallel rays to fall 
on the surface close to A and parallel to the diameter 

through A^ we may in our formula neglect -^ , and we 
have then 

AF AO ft -I ' 

where F is the position which the point q assumes in such 
a case. As in reflexion, F is called the '' Principal Focus.'' 
Thus for parallel rays from air into water, 



AF^ ^-1^ AO = A ' AO, 

3 
On the whole then we shall have, as in the correspond- 
ing case of reflexion, the following rules for determining 
the position of our Geometrical Focus. 

(i) Q and q must lie on the same normal, since all the 
rays from Q are supposed to proceed as if from 
q^ after refraction, and since the direction of the 
normal ray is not altered at all. 

i. e. The Geometrical Focus of any point must lie on the 
normal to the surface from that point 

^ ^ Aq* AQ AO 

according as the surface is concave or convex. 

(iii) Q and q move in the same direction, since 2ls AQ 
increases, so must Aq from the formula. 

(iv) Hence Q and q always lie on opposite sides of the 
principal focus. 
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45. Let J^QX be an object in front of the spherical 
retracting surface BAC. 




By the last article the Geometrical Focus of /"is at^, 
fig' 38 (i), where 

¥■ \_ f*-i 

Cp CP° CO ' 

that of C is at J where 

Bq BQ BO ' 

that of A' is at :c where 

F L f^~' 

Ax AX AO ' 
In fig. (ii). 

Cp~ CP CO ' 
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/x I _ /x— I 

-^a: ax ao • 

46. There is one more point to notice. In the for- 
mulae for concave and convex refracting substances, we 
observe that the only difference is in the sign of the right- 
hand side of the equation. The two formulae will coincide, 
if we make this assumption about the signs of our lines. All 
lines measured from the origin A opposite to the direction 
in which the light is travelling are to be regarded ^.'s positive, 
and vice versd. 

Applying this to figure 36, we see that all the lines there 
drawn from A are opposite to the direction of the incident 
light, and are all therefore positive. This case then may be 
regarded as the standard case. 

But if the reader will draw the corresponding figure for 
a convex substance he will see, as in fig. 37 (ii), that -^^ is 
drawn from A in the negative direction. This accounts for 
the difference in sign in the two formulae. 

47. It is sometimes more convenient to have a formula 
referred to the centre as origin, instead of one referred to 
A. 

From figure 36, Aq^AO-\-Oqy AQ = AO+OQ. 

Substitute in the formula -~ —^ = -7^ , and from it 

Aq AQ AO 

,. ,. T tl It— I 

we obtam this -r — ~— = ^ for concave or convex 

O^ OQ AO ' 

surface. Fig. 36 is clearly the standard case for the formula 

origin O, since then all the-lines OA, OQ, Oq are positive. 
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48. We will, as a good example, trace the effects of 
refraction through a sphere of some substance denser than 
the surrounding medium. 

Fig. 38. 




We will suppose that the rays after each refraction come 
as if accurately from the Geometrical Focus. 

(i) Let a small pencil of rays from the point F of the 
object PQ fall upon the surface BAC and be re- 
fracted into the sphere. After entering the sphere 
these rays will proceed as if they came from/^ on 
the normal Op^ where 

' ^ - ^-^ (A). 



Op^ OF AO 

(ii) These rays, which come as if from /j, will, on being 

refracted out into the original medium, proceed as 

if they came from/, where, since the refraction is 

from dense to rare, 

I I 

1 

I /* 



Op Op^ AO 

''^Opr'Op'^^^ ^^ 

To trace the course of the rays through the sphere to the 
eye, we do just as in reflexion^ 
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(i) Join the last image to the eye by straight lines and 
shade from the eye to the last surface. 

(ii) Join the points where these lines cut the last 
surface, to the last image but one, and shade to the 
last surface but one. 

(iii) Join these last points to the object and shade. 

The shaded part represents the rays from the point P to 
the eye. 

Subtracting (B) from {A) 

J^ A^ _ 2(/^- i) 

Op OP AO ' 

I I 2(/Lt-l) 



or 



Op OP fx.AO' 



49. The three following examples are recommended to 
the reader's attention. 

(i) The last example, supposing that instead of a sphere, 
the refracting solid is a hemisphere, and that the 
light falls first upon the convex surface. 

(ii) A glass sphere is divided into two hemispheres, the 
index of refraction in one being different from that 
in the other. Find the positions of the images as 
in Art. 48. 

(iii) An eye is placed close to the surface of a sphere 
of glass (/iA= -) which is silvered at the back. Shew 

that the image which the eye sees of itself is - 
natural size. 
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I 

i 

Refracting Plates and Refracting Prisms, \ 

50. A Refracting Plate is a portion of a refracting 
medium bounded by two parallel plane surfaces, as a pane 
of glass. 

Suppose a ray of light enters and emerges from a refract- 
ing plate. Then if we recollect the principle that light 
would exactly retrace its steps and that the sides of the 
plate are parallel, we see that its direction on emergence 
must be exactly parallel to its direction before entering the 
plate. If a ray passing through any number of plates 
placed in contact come to a plate composed of its original 
medium, its course in this plate will be parallel to its 
original course. 

By means of this experimental fact and the principle 
quoted it can be proved that if 

ft, « index of refraction from medium A into medium B^ 
M,= A C, 

then - ■ = index from B into C 

Recollecting that u= . — - , the reader can easily prove 

° ^ sm<^ j 

for himself that if ftj ft, fig ft„ be the indices of refraction I 
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from A into B^ B into C, C into Z> and if ft = index 

from A into the last^ then 

51. To find the geometrical focus of a pencil of rays 
refracted through a plate (index = ft). 

Let ^Cand BJ? be the sides of the plate : let QI^ST 
be the course of a ray. After refraction info the glass at the 
first surface at JR. we have the rays diverging from a focus ^1, 

Fig- 39- 




T 



'J 



where 

Aq^ = li..AQ (i) 

Art. 36 (ii). The rays now form a diverging pencil in the 
glass, from q^-. therefore after refraction out of the glass at 5 
into the air, they diverge as if from a focus q, where 

.\Bq^=li.Bq (ii). 

Subtracting (i) from (ii) 

AB = yL.AB'¥ii.Aq-iL,AQy 

,\Aq^AQ-f^^^AB. 

Here we have assumed as usual, what is only approxi- 
mately true, that the rays come accurately from the Geo- 
metrical Focus. 
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52, It can be shewn that when a ray is refracted out 
of one medium into another, as the angle of incidence 
increases, so also does the Deviation. Art 34. This prin- 
ciple, which admits of an easy Geometrical proof, will be of 
great use in our investigations into the properties of prisms. 

K prism is a portion of any refracting medium, bounded 
by two plane surfaces inclined at any angle to one another. 

The inclination of these faces to one another is called 
iht ^^ JRrfractive Angle " 

The line in which these faces meet is called the ^^edge^^ 
of the prism. 

We will now prove that "-^ ray passing through a prism 
of a medium denser than the surrounding medium is always 
turned from the edge of the prism.^^ 

Fig. 40. 




(i) Let FQRS (fig. 40, (i)), be a ray passing through a 
plate bounded by parallel sides TRy VQ, and let RS 
be its direction after emergence. 

(ii) By turning RT round into the position RT\ we 
make our plate into a prism whose edge is turned 
towards T' V, The angle which QR makes with the 
normal has now increased, therefore the deviation 

5 
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has increased, i.e, the angle which RS makes with 
the normal has increased still more, and the ray 
therefore emerges as RS nearer to the thick end of 
the prism than PQ, If the deviation did not in- 
crease it would emerge just parallel to PQ^ Le. it 
would not be bent at all. 
(iii) Next we can turn our plate into a prism with the 
thick end towards T and iVI The angle which 
QR makes with the normal has now decreased, 
therefore the angle which the emergent ray makes 
with the normal has now decreased still more, there- 
fore the ray comes out as RS' nearer again to the 
thick end. 

Thus in every case the emergent ray is turned from the 
edge. 

53. The result of the last Article enables us to prove 
that "A ray passing through a prism is always turned to the 
edge of the prism, when the medium of which the prism is 
composed is denser than the surrounding medium." 

54. We will now find the value of the deviation of a 
ray after refraction through a prism. 

Fig. 41 (i). 
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(i) Let FQRS be the course of a ray: let the original 
and new directions of the ray meet in S. 

Then Deviation = ESQ = RQP" SRQ^ RQA + 90' 

- PQM- (90 - SjRN-¥ a + RQA) 

^TRN--PQM^A 

= angle of emergence - angle of incidence -re- 
fractive angle of prism for rays above the normal, 

(ii) Deviation ^TSV^iSo'-RSQ=iSo--TRQ + SQR 
« 1 8 o - 90 + TRN- A " RQA + (RQA- 90 ■{- FQM) 

^7RN-\-FQM-A 




= angle of incidence + angle of emergence - angle of prism 
for rays below the nonnal. 

55. Now it can be proved that when a ray makes the 
angle of emergence equal to the angle of incidence, the 
deviation is less than for any other ray. 

If then D = deviation, ^ and ^ be the angles of incidence 
and emergence, and A the refractive angle of the prism, 

5—2 
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D-^Jr^-A. When therefore the ray has minimum de- 
viation, 2? = 2^- A, 

And if ^ and ^' be the angles of refraction at the first, 
and incidence on the second surface, <t>+il/' = A, or here 

. JD-^A 

. . sm 

sm<b 2 .V 

.-. ft = — X/= 7~ W- 

'^ sm<i)' . -4 

^ sm — 

2 

From this we can determine the refractive index of any 
substance which can be made into a prism. Measure the 
minimum deviation Z>, and the refractive angle A and sub- 
stitute in (i). 

The fact stated at the beginning of this Article can be 
proved either by the aid of Trigonometry (Parkinson's OpficSj 
Art. 94), or Geometrically {Cambridge Messenger of Mathe- 
matics^ Nov. 1869). 

56. The rays close to the ray of minimum deviation on 
either side have smaller deviation than those more remote. 
That is, on emerging at the other side of the prism, such 
rays would form a more compact beam than those elsewhere, 
that is, an eye placed so as to catch such beams would see 
stronger light than an eye elsewhere. 

This is of the very greatest importance in the discussion 
for instance on the causes of the Rainbow. 

We can deduce a convenient method of determining the 
position of minimum deviation, i. e. the position in which 
the prism must be placed so that our eye may receive the 
rays close to that of minimum deviation, practically. Prick 
a small hole in a sheet of paper, and observe the spot of 
light through the prisxn. Then turn the prism about in the 
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plane perpendicular to its edge : as you turn it one way you 
will see the image move upwards; as you turn it the other, 
it will move down. But in one certain position it will move 
down whichever way the prism is turned. This position 
then is the position of minimum deviation: since the 
meaning of the experiment is, that on passing this position 
either way the deviation increases. 

57. We have said that the rays which form the very 
small beam close to the ray which has minimum deviations 
emerge so that their deviations have been very nearly the 
same. Since we are considering only a very small beam 




we may suppose that Vc = he. If then the deviations of the 
three rays in the figure were exactly the same, the emergent 
rays would be just as much inclined to one another as the 
incident rays were, and therefore, since Vc = be practically, 
they would meet at q where dq^aQ* 

Now the deviations are so very nearly the same, and 
b'd is so very nearly = be^ if we let the rays fall close to the 
edge of the prism, that the emergent rays of this small 
beam do very nearly indeed emerge as if from a single 
point 

If we take a prism with a very small angle A^ this will^ 
of course, be still more nearly true. . . 



Then 



vexy nearly ; 
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58. We know that deviation = ^ + ^ -A 
where sin ^ = /x sin ^^ 

sin ^ = ft sin ^\ 

Suppose the rays incident on a prism with a small re- 
fractive angle very nearly perpendicular to the first surface. 

since ^ and ^' are so very small, and therefore 

sin ^' = ^' , 

. ,, ,, very nearly: 
sm ^ =^ ^ ' ' 

.*. deviation = (/x — i) ^ very nearly = constant quantity, i. e. 
the deviations for the rays making the small beam are the 
same, and therefore the same result follows as in last Article. 

59. Suppose that we wish to construct a prism such 
that no ray shall be able to get through it 

Let ABC be a prism such that a ray from P^ which 

Fig- 43. 




rp' 



enters the prism as nearly as possible parallel to A C, comes 
out as RS^ as nearly as possible parallel to AB. 
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Then, clearly, each of the angles MQRy MRQ is the 
critical angle of the medium. 

A A 

B\itMQI^ + MIiQ=:Ay i.e. 2. critical angle '^A, 

Now suppose a ray came from F^, so that angle P^QN 
is < PQN. Then angle MQR is decreased, and therefore 
QRM is increased, i. e. the ray QR makes an angle with 
the normal AB greater than the critical angle, and will 
therefore not be refracted out at Ry but will be internally 
reflected. 

Therefore the prism through which no ray can pass is 
that where the refractive angle of the prism = twice the 
critical angle of the medium* 



CHAPTER X 



Lenses. 



60. A lens is a portion of a refracting medium bound- 
ed by two spherical surfaces: the straight line joining their 
centres being called the axis of the lens. This definition 
includes those lenses in which one surface is plane, since a 
plane may be regarded as a sphere of an infinite radius. 

Lenses are distinguished by different names, according 
to the nature of their surfaces. In the following figures the 
light is supposed to pass firom right to left. Thus there are 
six kinds of lenses; or, including a prism and a plate under 
the definition, there are eight 

Fig. 44. 






Thus 



(d) is called a double convex lens. 

(^) is called a double concave lens, 

{c) and {d) are called convexo-concave lens, 

(^) is called a convexo-plane lens, 

(/) is called a concavo-J>lane lens. 
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6i. One of the earliest notices of a lens is in the writings 
of Seneca, a.d. 64 {Nat, Quest lib. i. ch. 7), in which he 
states the fact that objects seen through a ball of glass full 
of water appear larger. This has already been explained 
(Art 49). Pliny in a.d. 79, speaking of the manufacture of 
glass at Sidon, says, "siquidem etiam specula excogitaverat." 
This word ^^ specula''' probably refers to lenses, as Pliny 
states that the art of grinding glass was then known. 

After an interval of some centuries we arrive at the 
time of Alhazen, the Arabian mathematician, a.d. iioo. 
He has attempted an anatomical description of the eye, and 
has assigned the respective functions of the several parts of 
vision. To do this as he has he must, as will be seen, have 
had a good general idea of the effect of lenses. 

Jean Baptiste Porta of Naples, a.d. 1445, states that 
if a small orifice be made in the shutter of a room from 
which all other light is excluded, and if a small convex lens 
be placed at the aperture, external objects will appear on a 
sheet of paper, placed at the proper distance, so distinct 
as to be instantaneously recognized. We will now explain 
this latter fact. It must be noticed that although the facts 
were noticed, and could in a rough way be explained, yet 
until the discovery of the law of refraction by Snell in 
162I9 a veal explanation was wanting. 

62- A pencil is said to be directly refracted through a 
lens when the axis of the pencil is coincident with the axis 
of the lens. 

The process of finding the geometrical Tqcus of a pencil 
after direct refraction through a lens is precisely similar to 
that used for a plate (Art 52). - 

Let Q be the point of light firom which a pencil falls 
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directly on the lens. The axis of the pencil is therefore 
QAB^ a common diameter of the spherical surfaces. 

Fig. 45* 




Let (r) and (i) be the radii of the spherical surfaces (A) 
and (!i^). 'Let q^ and q be the geometrical foci of the pen- 
cil after firk and second refractions, the first being into 
glass, the second out of it. 

Let O^ and O^ be the centres of the surfaces (A) and 
(B). Then q^ and q will have positions as in the figure. 

From ^^ first refraction we obtain 



^-i 



from the second^ 



Aq, AQ 



I 



I 
— I 



or 



ft-i 



JBq ^Bq^ s Bq Bq^ 

If the thickness of the lens is so small that Aq^ may be 
regarded as equal Bq^ and Aq = Bq^ then by adding these 
equations 

which determines the position of q. As before, Q and q 
are called ^^ conjugate foci^* with respect to the lens. 
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Suppose AQXoht very large, i.e. suppose the rays to 
fall parallel, and let q then come to F. Then 

3^=(m-i)(J-J). 

The point Fi& then called the ^^ principal focus*^ of the lens 
and AE its ^''focal length'^ This is usually written/ Thus 

I_/ v/l l\ I I _I 

where q is the geometrical focus for any point Qf^7J>>^ 
If r and s are equal ^^^^^^^n^^, 



/ 

for double concave or convex. 






63. It should be noticed that we have found this 
equation from the case of a concavo-convex lens, that being 
taken as the standard case because the quantities r and 
s there are both positive. If we took the case of a double 
convex lens the formula would be 




fe":?^=<^-^>("^-7)' 



Aq 

found from the first by putting - r for + r by the principles 
in Art. 22. 

For a concavo-plane lens since s is then = 00 

I I , V I 

^q^AQ^^^'^'^y 
For a convexo-plane lens since s is then = 00 

I I / N I 
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For a double concave lens 



i-zc=^"'K^''^)' 



Aq 

I 

Obs. In any given lens the position of the focus is the 
same whichever face be turned towards the incident light. 
For, neglecting the thickness of the lens, our formula is 

Now if we turn our lens round, the formula must be written 

64. If we were told the nature of our lens, i.e. the 
radii of the surfaces which formed it, we could from 



4.o.-.)0-i) 



determine on which side of the lens the principal focus lay, 
by noticing the sign of the right-hand quantity. But a 
better rule can be given thus. If the lens be thickest in 
the middle, the principal focus is on the side away from the 
incident light, Le. focal length is negative. If the lens 
be thinnest in the middle, the reverse is the case. It can 
be proved thus. 

Let tangent planes be drawn at Q and JR\ then the 
course of the ray, is the same as it would be through the 
prism formed by these planes: and therefore, since the 
thicker part, of the lens is in the same direction as- the 
thicker part of the prism, and since a ray is bent towards 
the thicker part ojf the prism (Art. 5 3)>. therefore the ray is 
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bent towards the thicker part of the lens. Therefor^ the 
position of the principal focus must be as given in the rule. 

Fig. 46 (i). (ii) 





The reader may feel some difficulty in reconciling this with 
%• 45 • The next Article will, however, explain it. 



Ill 



65. We will investigate this equation -^ — -jj^ = -> in 

just the same manner as we did in the case of spherical 
reflexion. 

(i) Since /= constant quantity, sls AQ increases or 
decreases, so must A^, i. e. Q and ^ always move in 
the same direction. 

Let ^1 be the principal focus of the lens for rays coming 
from the right Take Aq^ = Aq^] then q^ is the principal 
focus for rays from the left {Obs. Art 63). 

Fig. 47 (i). 

« a 




^^ 



As Q moves, from an infinite distance to the right, to- 
wards A, f ,, which was at q^ moves oflf to the left (Art 64). 
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(2) When Q comes to ^„ the image q has moved off to 
the left to an infinite distance, since q^ is the princi- 
pal focus for rays from the left, (ii) 




(3) As Q still approaches (A) the image q as it were 
turns the comer at infinity, and appears again to 
the right of q^. (iii) 

(^ is now only a virtual image.) 
This is the case taken for fig. 43. 

(iii) 




(4) Q and q approach A together, and arrive there si- 
multaneously: for, when -4Q = o, so does Aq^ 

(5) As Q goes off to the left, so does q. (iv) 

(iv) 
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(6) And, lastly, when Q arrives at f „ q has again gone 
away to an infinite distance. 

Figure (v) shews the usual case where ^ is a consider- 
able distance from A ; intermediate between figs, (i) and (ii)* 

(V) 




This then is the explanation which we promised in Art. 61 
of Porta's experiment The reader is strongly advised to 
study this Article thoroughly, and to work out the same 
investigation for a double concave lens. 

66. If the focal length of a lens is small, the parallel 
rays from the object are clearly more bent by- the lens than 
when the focal length is large. That is, since / is the focal 

length, ->is a measure of the amount that the rays are bent 

by the lens. It is therefore called the ^^Power^^ of a lens. 

Suppose now that we had three lenses Cj, (7„ C^ with a 
common axis. Let Q be a luminous point on the axis, and 
Ic* fi> ^« 2uid q be the geometrical foci of the refracted 
pencil at these lenses respectively. 

Then from the /?rj/ refraction — -^rz^ = -j , 

Then from the second refraction ^= 



^A Qi + «» /,* 
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I II 
Then from the third refraction -^ 7^ = t-, 

where a^ a^ are the distances between C^ and C,, and be- 
tween (7, and C3, and/i,^ and/j are the focal lengths of 
the lenses. 

If we eliminated C^q^ and C^^ between these equations 
we could find C^, For instance, ii a^ = a^^Oy i.e. if the 
lenses are in contact and very thin, we have by addition 

I I I I I 



C^ QQ A A /. 

Thus the power of the three lenses = sum of the powers of 
the three lenses separately. Or, instead of the three lenses 
we might have one lens such that if /^ were its focal length, 

then -E'=z+7' + 7> ^^^ t^^ effect would be the same. 

^ A A A 
Similarly for any number of lenses, except that then, even 

for rough calculations, we could not neglect, the thickn.esses, 

67. The focal length of a lens can be found experi- 
mentally thus. 

The rays from the sun, if allowed to fall directly on a 
lens, would, since they may be called parallel, form after 
refraction a convergent conical beam to the principal focus. 
They do not all pass accurately through one point, but if 
the beam be intercepted by a screen parallel to the plane of 
the lens, the little circle of light formed on the screen will 
be smallest at some one position of the screen. This little 
circle is to be taken as the principal focus. Measure the 
distance from the lens to the screen, and the focal length is 
then found. 

There is one pther remark we wish to make on the 
appearance of an object as seen through a double concave 
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lens. If, after reading the reasoning and looking at the 
figures which shew that an image is formed nearer to the 
eye than an object really is, the student takes a double 
concave lens in his hand, he will be surprised to see that 
the image is apparently a very long way off. The following 
explanation may perhaps suffice. 

(i) He knows the real size of the object before look- 
ing at it through the lens ; 

(2) He knows that if an object of a given size is far off 
it looks smaller than when near ; 

(3) He sees that the image is small compared to the 
known size of the object ; 

therrfore his mind at once says that the image is formed a 
long way off. On looking through the lens for some time, 
however, this delusion entirely disappears; 

On'looking at any object through a double concave and 
a double convex lens successively, one will notice that the 
image is far more distinct in the double concave lens than 
in the double convex : and the reason of this is easily seen if 
we recollect what has been our fundamental supposition in 
every one of our investigations; viz. that in asserting that 
an image is formed at a point which we call the "Geometri- 
cal focus," we consider those rays, and those rays only^ 
which fall on the surface or lens close to the axis. Rays 
that come to the eye from the outer parts of the lens tend 
to make the image indistinct. 

Fig. 48. 
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Thus, in the double convex lens, an eye E would, since it 
catches all the rays that come from the lens, see an image 
not quite distinct : for the rays from A and A' cut the axis 
at a^ whereas from B and B^ they cut in q. It would see 
the best image at ^, since, as we have said when treating 
on caustics, the rays are thickest about there. 

Fig. 49- 




But in the double concave lens, since the rays spread 
after refraction, an eye of the same size as before, even if 
put close to the lens, will catch only those rays which fall 
very close to the axis, between a and a\ and will therefore 
see a very distinct image at q. 



68. Centre of a lens. 

If we join the points of two circles where the radii of 
the circles are parallel, the joining line when produced 
will always pass through a fixed point on the line joining 
their centres. 

Fig. 50. 




Thus if P and Q be any two points on the spherical 
surfaces such that the radii O^P^ O^Q are parallel, QP will 
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pass through some one point C on the axis. This point 

C is called the ^^ centre'' of the lens. 
Now 

CO^^q^. AO^^AC AO, 

CO^ 0,Q^'^' BO^-BA-'AC'^BO^' 

whence ^ ^ = z? rr^-ri • 

We see from this value. of AC that the position of C 
is always the same for the same lens, but depends upon the 
shape of the lens. 

(i) If the curvatures are in the same direction, i.e. if 
the centres are both to the right or both to the 
left, AC is positive or negative and bigger than 
BA, unless BO^ is equal to or greater than 2AO, 

L e. C lies outside the lens. 

(2) If the curvatures are in opposite directions, AC is 
negative and always less than BA, That is, C 
always lies inside the lens, and if the thickness BA 
is very small, C may be taken in the middle point. 

(3) If one surface be plane, AC =0 or - BA. There- 
fore C lies on the curved surface. 

69. It is very necessary to gain a precise idea of what 
this centre is. Suppose that a ray of light met the first sur- 
face at P in such a way that it was refracted in direction 
FQ, Since at Q the tangent plane is parallel to that at -P, 
the effect on the whole would clearly be the same as if the 
ray had been refracted through a plate, i.e. it would come 
out of the lens parallel to its former direction. 

We shall, for the future, consider only such lenses as 
those in (2), and suppose that they are very thin. Then, by 
what has just been said, any ray that passes through the 
middle point of the lens is refracted without any deviation. 

6—2 



84 



GEOMETRICAL OPTICS, 



[Chap. 



70. We have hitherto considered lenses only in cases 
when the luminous point was situate on the axis. But, of 
course, when we look at any object through a lens there 
can be but one point on the axis. It is therefore very 
necessary to know where the images of the other points of 
the objects are formed. We are able to do this by the use 
of the centre. As however the investigation involves con- 
siderable analysis, and is not necessary to our future work, 
we will only give the result, which is extremely simple. It 
is, as usual, only very approximately true. 

Fig. 51 (i). 




Fig. 51 (ii). 




Let QCq be the ray, from Q the luminous point not on 
the axis, which passes through the centre of the lens. 

Then the result is this. 

The image of Q may be regarded as formed at ^, where 
the same formula obtains as for direct refraction, viz. 

I I _ I 

As usual we consider only a very small pencil close 
about the axis QCq, 

The image therefore will appear inverted in fig. 51 (i),. 
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and upright in fig. 5 1 (ii). In both cases it will appear slightly 

carved, for from the equation -pi — -77^ — :2^ we obtain 

Cq CQ f 

Y^ = 2 — pr^, which shews that although Cq increases with 

^Qy yet the proportion of Cq to CQ decreases. If the 
incident rays were parallel we have Cq =^ and therefore the 
image is part of a circle whose radius =f. 

7 1. We are now in a condition to see how the use of a 
lens can assist vision; and without at present giving an 
accurate description of the human eye, we will merely say 
that it is in effect one double convex lens which forms 
images, and a retina or network of nerves which receives the 
images and transmits the impressions which they convey to 
the brain. The retina is spherical. 

If now the object FOQ be just at the right distance for 
most distinct vision, i. e. so that the image of the centre of 
the object lies upon the retina, it is clear that, all the other 
circumstances remaining the same, the image of an object 
further than FQ would be formed in front of the retina, and 
that of an object nearer than FQ would be formed behind 
the retina, by (i) in Art. 65. But in some manner not at 

Fig. 53. 




present determined, the relative circumstances of the lens 
aiid retina can be altered at will within certain limits and 
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with very great rapidity, so that in any case the image is 
thrown upon th^ retina. 

72, When, in spite of this power of self-adaptation, the 
image of a distant object is formed in front of thie retina 
as at X in the figure 53, such an eye is said to have short 
sight, which is occasioned by the too great convexity of the 
lens. It is clear that if by means of another lens we are 
able to counteract this convexity, we shall rectify this 
defect, and a little consideration will shew that a double 
concave lens is the best to use, since it performs the required 
office when held close to the eye, and forms an upright 
image, while a double convex lens, although it would bring 

Fig- 53. 



the object nearer as required, yet, since it forms its image 
between the eye and the lens, would have to be held at an 
inconvenient distance from the eye, and the image would be 
inverted. 

But now suppose that the image of a near object is 
formed behind the retina. Such an eye is said to have 
long sight, and can have this defect corrected by any lens 
that will throw the image farther back. Such a lens is a 
convex lens with a very long focal length, as can be seen 
by fig. iii. Art 65. 

The eye of a fish is of course adapted to see objects in 
the water, a dense medium. The lens in the eye must 
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therefore be either very dense or nearly spherical so as to 
bend the rays sufficiently. The latter is the case. Thus, 
immediately a fish is brought out of the water, it is afflicted 
with very short sight 

"The long-sighted eye receives greater benefit from 
a convex lens than a short-sighted eye does from one that 
is concave. For an object seen through a convex lens is 
not only magnified, but it is seen brighter by the eye 
receiving a larger pencil of light from each visible point, on 
account of the rays entering it less divergent. On the 
contrary, a concave lens not only diminishes objects, but also 
renders them darker, because the rays are thus transmitted 
more diverging to the eye, and consequently the pupil can- 
not receive so many of these rays as it otherwise would. It 
is on this account that short-sighted people cannot see 
remote objects, unless they be very large and bright, so 
well through a concave lens, as the theory of images formed 
on the retina may seem to promise. For the principal 
impediments to the distinct vision of remote objects are 
their want of light and magnitude, and both these defects 
are farther increased by concave lenses." (Encyclopedia 
Metropolitana.) 



CHAPTER XI. 
Telescopes. 

73. Roger Bacon, a.d. 1250, has treated, among other 
Optical Phenomena, upon the apparent magnitudes of ob- 
jects and spherical foci. He says, "For it is easy to under- 
stand, by the canons above mentioned, that the greatest 
things may appear exceeding small, and contrarily. For 
we can give such figures to transparent bodies, and dispose 
them in such order, with respect to the eye and the objects, 
that the rays shall be bent and refracted towards any place 
we please; and thus, from an incredible distance, we may 
read the smallest letter, and may number the smallest par- 
ticles of dust and sand, by reason of the greatness of the 
angle under which we may see them; and, on the contrary, 
we may not be able to see the greatest bodies just by us, 
by reason of the smallness of the angle under which they 
may appear. For distance does not affect this kind of vision^ 
excepting by accident, but the angle does^ Thus Bacon 
really produced effects precisely analogous to those produced 
by our telescopes and microscopes. 

In 1570, in the first English edition of Euclid's Ele- 
ments, by Sir Henry Billingsley, there are mentioned "per- 
spective glasses," clearly the same as our telescope. In 
1 5 91, Thomas Digges of Oxford writes thus : "My father, by 
his continuall painful practises, assisted with demonstrations 
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mathematical!, was able and sundry times hath, by propor- 
tionall glasses, duly situate in convenient angles, not only 
discovered things farre off, read letters... but also seven 
miles off declared what hath been doone at that instant in 
private places." 

In 1 6 10, so powerful had these glasses been made, 
Harriot was able to observe the spots in the sun. 

Towards the end of the i6th century, a fortunate con- 
currence led to the invention of dioptric telescopes in 
Holland. Borelli informs us that the children of Zachariah 
Jansen, a spectacle-maker of Middle-Burgh, amusing them- 
selves in their father's shop, placed by chance a convex and 
a concave lens in such a way, that on looking through them 
at the weathercock of the church, it seemed to them much 
larger and nearer than usual... This was about 1590. No 
sooner was this interesting discovery made known... than 
Galileo, Kepler, Descartes and other philosophers bent the 
whole force of their genius to the improvement and employ- 
ment of so useful an apparatus. (EncycL MetropoL) 

74. It- would be well, before discussing what it really 
was that these children had found out, to give a slight 
explanation of the words in italics in Bacon's writing quoted 
above. 

If wchoUa small circular piece of paper between us 
and the sun, we can, by placing it at the proper distance, 
exactly eclipse the sun: and we say then that the sun and 
the paper appear the same size. If we did not know the 
distance of the paper or its size, the eye would at once 
convey to the brain the idea that the sun and paper were of 
the same size. In a total eclipse, for instance, of the sun 
by the moon, this occurs. The moon though much smaller 
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than the sun, appears to cover thie sun, that isj appears to be 
the same size. Thus size is judged by the relative angles^ 
not by the relative lengths and breadths. Jt will be neces- 
sary constantly to bear this in mind in what follows. 

Fig. 54- 



75. Figurje 54 will shew how it was that the children of 
Jansen saw the weathercock larger, by means of a convex 
(Cj) and a concave {C^ lens. 

Suppose for the moment that C, was removed. The 
rays from F of the weathercock would, after refraction at C,, 
form an image at /„ where FCp^ is a straight line, and 

= -J. where the quantities have their proper signs. 
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CJ>, C,P f 
according to the usual convention. Similarly Q would have 
its image at f,. Now let the concave lens C^ be placed so 
that p^q^ is just in its focus. The rays then which are 
coming from the object-glass to the focus /„ and are inter- 
cepted by the lens CV, will on emergence from C^ form a 
beam of rays parallel to p^C^ But when rays enter the eye 
in a parallel beam, they appear as if they came from a 
point a very long way off. Thus, then, these rays appear 
to come from some point / (i. e. the eye sees an image) 
a very long way off, in the direction p^C^ produced. Simi- 
larly with q. So that, finally, the object PQj^ by means of 
the lenses, is seen under an angle pC^ instead of under the 
angle PEQ or FC^Q, as it would be without the lenses. 

We have in the last few words assumed that the eye and 



XL] TELESCOPES. ^ '9^ 

the eye-lens coincide. In order to gain the central rays of 
the pencil falling on the eye-lens from each point of the 
object, it is clear that the eye must be placed close to the 
lens. Whence it follows that there is no object in having 
an eye-lens much larger than the pupil of the eye. Thus, 
by the figure, only a very small portion of the rays falling on 
the object-glass come to the eye. 

We. have therefore now shewn how an image is formed 
larger than PQ, But the children saw it also nearer^ where- 
.as, by our method, it has been placed at an infinite dis- 
tance. A very slight alteration in the position of the lenses 
will accomplish this. Suppose we push in our concave lens 
very slightly, nearer to C^, The result of this, since an 
object and image move in the same direction, will be to 
give the emergent rays a slight divergence from some point 
p on p^ C^ produced, not at an infinite distance, as before. 
The size of the final image pq remains the same as before, 
since it is measured by the angle under which it is seen, 
and that is not altered, except by the very slight movement 

of c;. 

For objects so distant as the moon, for example, or 
indeed for objects much closer, at the distance of a few 
hundred yards, the rays incident on the object-glass may be 
considered parallel, and p^q^ is therefore in the principal 
focus. Therefore Cj C^ = difference of focal lengths of the 
two lenses. 

« 

76, This combination of lenses is called Galileo's 
telescope, from the following facts. "Happening to be in 
Venice in the month of May 1609, he learned in that city 
that a Belgian had invented a perspective instrument, by 
means of which distant objects appeared nearer and larger. 
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This report... excited an intense interest in his mind, and 
upon his return to Padua he began to ponder upon the 
probable mode by which such an effect could be produced. 
He discovered upon the very night of his arrival, that the 
enlargement of the object depended upon the doctrine of 
tefraction, and on the following day he made his first 
attempt to execute an instrument upon this principle. 
Having procured a leaden tube, he fitted in one of its 
extremities a plano-convex lens, and in the other a plano- 
concave one, and, having applied his eye to the concave 
lens, he was delighted to perceive objects pretty much 
magnified. They appeared to be three times nearer and 
nine times larger.... He immediately gave intimation of his 
success to his friends in Venice, with whom he had been 
conversing on the previous day. Having succeeded a few 
days later in making a better instrument, he joyfully pro- 
ceeded to Venice, taking it with him.... Galileo's object now 
was to construct a telescope of superior magnifying power. 
This he found to be a task of very difficult accomplishment, 
for the art of grinding and polishing lenses was then in its 
infancy.... Soon afterwards he made another instrument 
which magnified 60 times in surface, and finally, sparing 
neither application nor expense, he succeeded in executing 
an instrument of such excellence as to represent objects 
almost 1000 times larger, and above 30 times nearer than 
they appeared to be by the natural power of the eye." 
(Grant's Hist of Astron, Vol i. p. 520.) 

Thus Galileo constructed this telescope by theory^ by 
thinking how it could be done, whereas all former construc- 
tions had been entirely experimental. 

77. There are two great disadvantages attending this 
construction. 
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(") 



The image q^^ is virtual. The disadvantage of 
this will be best seen when we discuss the Astro- 
nomical Telescope. 

The small number of rays falling on the object- 
glass which come to the eye lens. This will be 
best seen by tracing the rays backwards from the 
eye to the part of the object-glass from which they 
have come. 

Fig. 55- 




{ 



Suppose then that the eye of perfect sight receives a 
beam of rays which have originally come from P, They are 
of course, after emergence from the eye-lens, parallel to/jC^^. 
Before entering the eye-lens these rays have formed a con- 
verging beam from the object-glass. Thus if the eye is to 
receive such a beam as we have drawn, the object-glass 
must be of the size -^-5, much larger than it is possible to 
make it. Even then, no rays from P which fall on the 
object-glass below D would come to the eye. Thus with 
an object-glass as ab^ hardly any rays, starting from -P, 
would come to the eye, so that scarcely any image of P 
would be seen. In the Astronomical Telescope, as will be 
seen, usually all the rays which fall on the object-glass fall 
also on the eye-lens and are of use. 
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78. The proportion of the angle which the image seen 
by the eye subtends at the eye to the angle which the object 
would subtend at the eye, without the lenses, is called the 
^^ magnifying power'^ of the telescope. 

Thus in fig, 53 "magnifying power" = ^^. 

Since the eye is close to the lens, we may take C^ in- 
stead of £. 

Thus 
"magnifying power" ^l^=<p^ 

PC^ , focal length of O. G. 

= A^. very nearly = fo,,nength of E Tg: * 

Galileo points out a simple method of determining by 
experiment the magnifying power of the instrument. " Place," 
says he, "upon a wall at a certain distance two disks, one 
of which you will observe with the telescope, and one with 
the naked eye. If the disk seen through the telescope 
appear equal to the external one, the magnifying power is 
in the proportion of the two disks. If they do not appear 
equal, enlarge or diminish the external disk until this result 
takes place, and then the magnifying power 'will be as 
mentioned, in the proportion of the two disks" (Grant's 
Hist of Astronomy), 

79. Two years after Galileo's discovery of this tele- 
scope, Kepler first explained the construction of a telescope 
formed by the combination of two convex lenses, 161 1. 
He did not, however, manufacture one himself. In 161 7, 
Scheiner made observations in the presence of the Arch- 
duke Maximilian with such an instrument 
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In this case the eye-lens is placed so that the image 
p^q^ is between it and the object-glass, and is in its focus. 
The rays then which have come from P^ after emergence 
from the eye-lens, come out in a beam of rays parallel to 

Fig. 56. 




/jC,. That is, the eye behind C^ sees an image / of the 
point P at an infinite distance in the direction C,/, pro- 
duced. Similarly with Q. 

As before, the rays from P to the object-glass may be 
supposed parallel, so that/,^i is in the focus of C,. There- 
fore Cj C^ = sum of focal lengths. By pushing our eye-lens 
slightly nearer to /,^„ we could give the emergent rays 
a slight divergence, as shewn in the Galilean telescope, and 
thus make them appear to come from a point / not at an 
infinite distance. 

80. Now we have to remark that here we have made, 
for convenience of drawing, our eye-lens much larger rela- 
tively to the object-glass than it really is in practice. This 
was done for the sake of taking in the whole pencil. But 
if we have a very small eye-piece in the same position we 
should lose some of the rays from /, for instance. This 
we could obviate partly by taking an object-glass c^ with a 
greater focal distance, since then the rays from it would 
converge to and diverge from/^ more slowly, and so the 
eye-piece would take more of them in. And the greater 
the focal length, the more would this be the case. (" Thus 
Huyghens states that he and his brother made object-glasses 
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of 170 and 210 feet focal length. These glasses were used 
without tubes. He presented one, having a focal length of 
123 feet, to the Royal Society of London. While he was 
engaged in these labours the art of executing telescopes 
was attaining a high degree of excellence in Italy, but they 
were constructed chiefly in France and England. Auzont 
made one of 300 feet focal length.") If, again, we had an 
eye-piece with a very small focal distance, we should thus 
catch more rays, since the eye-piece would be closer to the 
image, but we should in that way have a greater magnifying 
power than is convenient. 

We saw in Art. 76, that Galileo fitted his lenses at the 
ends of a tube. The use of, this tube was to shut out the 
interference of all light that was not actually being used, 
Le. all except the rays from the object on the object-glass. 
Thus, what a refracting telescope does is this. It collects 
a great many rays from a point of the object and sends 
them to the eye in a dense small beam of parallel rays 
(whereas the eye without the lenses would only receive the 
rays that fell on its pupil), thus giving to the eye an image 
of the point at an infinite distance. If the eye is not long- 
sighted enough for parallel beams, by shoving the eye-piece 
slightly in, we can, as said in Arts. 75, 79, give the ra,ys the 
required amount of divergence. 

81. Comparing the Galilean and astronomical tele- 
scopes we notice the following differences. 

(i) In the Galilean the distance between the lenses 
equals the difference, in the astronomical it equals 
the sum, of the focal lengths. 

The Galilean construction is therefore useful for opera- 
glasses, &c. which require to be short 
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(2) In the Galilean only a small portion of the rays 
which fall on the object-glass are of use. In the astro - 
n omical usually nearly all are of use. See figs. 5 5 > 5 6. 

Thus, in fig. 55, if a piece of paper were placed in front 
of the portion ab of the object-glass, no image oi P would 
be seen at all, since it would cover the only part of the 
object-glass by which P is seen. On the other hand, if 
any portion of the object-glass of the astronomical in (56) 
were covered, the only effect would be to dim the bright- 
ness of the whole. 

(3) In the Galilean the image is erect: in the astrono- 
mical inverted, 

(4) In the Galilean the image is virtual^ in the astro- 
nomical it is real. This advantage of the astrono- 
mical telescope and (2) quite put out of sight the 
comparatively small advantages (i) and (3) possess- 
ed by the Galilean. 

"The first person who appears to have discovered the 
peculiar value of the telescope recommended by Kepler, 
and who applied it to the purposes of astronomical in- 
vestigation, was Gascoigne. He did not fail to perceive 
that it possessed an immense advantage over the Galilean 
telescope in affording a situation within the tube where any 
object being placed might be viewed as distinctly as a 
celestial object This suggested to his inventive mind the 
use of telescopic sights in astronomical observations, and the 
application of the micrometer to the telescope." If, for 
instance, a series of wires were placed inside the telescope 
at the focus where /^^^ is formed, the eye would see both 
wires and image, and the relative breadths, for instance, of 
two planets might be found by noticing how many wires 
they respectively covered ; or a ring might be placed there 
to limit the amount of the image that the eye was to see. 

7 
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What we have called 'wires' in telescopes are in reality 
threads of a spider's web. 

(5) In the Galilean the eye should be placed close to 
the lens. In the astronomical it should be at E 
when the central rays of the pencils from the ex- 
treme points of the object cut the axis, since other- 
wise it would lose a great many of the rays. 

82. The great length necessary in these telescopes 
made it desirable to discover some new construction. In 
a letter written to Descartes in 1639 Mersenne suggested 
the idea of a reflecting telescope. Descartes offered several 
objections to the proposal, and it was not carried into 
effect. It is impossible to ascertain whether Gregory was 
indebted to any previous writer for the hint of the reflecting 
telescope or not : but, at any rate, he was the first person 
who gave an explanation of it 

The first person who actually executed a reflecting tele- 
scope was Newton. But the difliculties in his way were 
very great, since every irregularity in a reflecting surface 
would make the rays deviate five or six times more out of 
their due course than in a refracting telescope. While his 
mind was occupied with these reflexions, he was compelled 
by the plague to leave Cambridge, and more than two 
years elapsed before he again considered the subject. Ac- 
cordingly, having succeeded, after much trouble, in dis- 
covering a substance adapted for the formation of his larger 
mirror, and having also devised a delicate mode of polishing 
the surface, he actually executed a telescope upon this 
principle. The original idea had been to make a parabolic 
mirror, which, as we saw (Art. 15), reflects parallel rays 
accurately to the focus. Newton however wisely abstained 
from attempting to make it truly parabolic, on account ot 
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the extreme difficulty of the operation, contenting himself 
with giving it the figure of a segment of a sphere. With 
this instrument he could see the satellites of Jupiter and the 
horns of Venus. Encouraged by this success, he made a 
second telescope, still better than the first The focal 
length of the speculum was 6^ inches, and that of the eye- 
glass (which was a plano-convex lens — the flat side turned 
towards the eye) was \ of an inch. The magnifying power 
was therefore 38. See Art 78. 

In December, 1671, Newton sent this telescope to 
London, to the Royal Society, from whom it received 
unanimous commendation. A description of it was sent 
to Huyghens in Paris, by whom it was communicated 
to the Academy of Sciences, and in consequence it was soon 
generally known on the continent (Grant's Hist, p. 528.) 

83. We will now give a sketch of the telescope devised 

by Newton. 

Fig- 57. 




C^ is the mirror which Newton made in the shape of the 
segment of a sphere instead of that of a parabola. We will 
suppose that FQ is so far off, that the rays Pa, Pb are to 
be considered parallel. Then an image of PQ would be 
formed at p^q^ where C^p^ and C^q^ equal ^ radius of C, 
(Art. 22). PQ should, of course, be much further off, so 
that/id?/^, qxOQ maybe straight lines. But Newton placed 

7—2 
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a plane mirror M^M^ inclined at an angle of 45° to the axis, 
the effect of which is that the rays coming to/i are reflected 
off to/, and those from q^ to q^ where the lengths of the 
reflected rays just equal what they would be if there 'were no 
mirror (Art. 6). And/^=/i^i and/^ is at right angles to 
/j^j. The plano-convex lens C, is placed with its plane 
parallel to the axis so that pq is exactly in its focus 
(supposing the sight to be perfect sight), whence the rays 
which fall from/ emerge in a parallel beam, and the image 
is seen at an infinite distance in the direction /C 




84. An object must be to make M^M^ as small as 
possible, since it intercepts a great many rays and so 
prevents them from coming to C^. If we join q^ to the top 
of the mirror and p^ to the bottom, those lines form the 
boundary of the reflected rays from PQ and therefore of the 
plane mirror. If we make it larger, we shall cut off* some 
rays from PQ from reaching C,, and gain no recompensing 
advantage. If we make it smaller, more rays will fall on 
C,, but the extreme rays will not come to M^Af^. 

85. From the figure we see that the object is seen at 
right angles to its proper direction. Two other kinds of 
reflecting telescopes were invented, one before Newton's, 
by Gregory (not however manufactured till afterwards, by 
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Hooke, 1674), and the other by Cassegrain, a Frenchman, in 
1672. The advantages of these were that the image was 
viewed directly instead of at right angles. 

In 1723 Hadley presented to the Royal Society a 
.reflecting telescope of the Newtonian form, the diameter of 
the large mirror being six inches, and its focal length fiy^ 
feet three inches. When compared with the refracting 
telescope of 1 23 feet focal length, presented to the Society 
by Huyghens, it was found that it bore as high a magnifying 
power as that instrument, and exhibited objects equally 
distinct, though not so bright 

As noticed in other telescopes there is great advantage 
in having a mirror with a long focal distance, since the 
small plane mirror will then catch so many more of the rays 
reflected off" the big mirror. 

" The telescopes which Herschel employed in the early 
part of his astronomical observations were all of the New- 
tonian construction. In 1786, however, he laid aside the 
small mirror, and instead gave a slight inclination to the 
large mirror, so as to throw the image a little to one side of 
the tube, and thus make it possible to view it directly with 
an eye-glass. By this contrivance the light usually absorbed 
by the small mirror was saved, and the illumination of the 
image increased in a corresponding degree. In such a tele- 
scope it is obvious that the observer looks at the image 
with his back turned to the object. In 1789 Herschel 
surpassed all his former efforts by the completion of a 
telescope forty feet focal length and four feet aperture. It 
is impossible, within a moderate compass, to give even 
a simple enumeration of the multitude of brilliant dis- 
coveries in celestial physics which rewarded the labours of 
this great astronomer." 
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The advantages of these reflectors obviously consist in 
their being much shorter than refractors of equal power, 
and in the facility with which different eye-pieces may be 
applied to the same speculum. Among their disadvantages 
are the difficulty of directing them to the objects, but par- 
ticularly the extraordinary precautions that are necessary as 
well in the application of them as in their construction: 
they are also very expensive, in consequence of the metal 
speculums, and are easily put out of order. 

86. We stated in Art. 8t that a slight advantage of the 
Galilean telescope over the astronomical was to be found in 
the fact that the image seen in the former was erect, while 
in the latter it was inverted. We give a sketch of an eye- 
piece which might be used to counteract this defect in the 
Astronomical Telescope, not from any practical knowledge 
that might be gained by it, since it has long been super- 
seded by improvements, but because it gives an useful exer- 
cise in tracing the course of a small pencil. 

Fig. 58. 




/, is just in the focus of C,, therefore the rays will 
emerge parallel to /jC,. 

After refraction at Q the parallel rays will be bent 
to the focus /^ of C3. 

If/, is just in the focus of C4, the rays will emerge 
parallel to C^p^ 

Thus, finally, the object / is seen in direction C^, 
instead of C^p^, 

^ 87. In Art. 81 (4) it was mentioned as one of the great 
advantages which the astronomical telescope possessed 
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over the Galilean, that from the fact of the image being real 
instead of virtual, it was possible to limit the amount which 
the eye wished to see, by placing a ring in the focus where 
the image was formed. We will give some further explana- 
tion of this. 

Fig. 59- 




Draw straight lines from h the bottom of die eye-lens to 
Ay C and B^ the top, centre, and bottom of the object- 
glass, and let them cut the image in the points/, ^, r. 

Suppose now that a ray came from A to any point of 
the image below/. It will pass behw the eye-lens, and the 
eye will not get the benefit of it Thus the image will be 
slightly dimmer just below /. And as we look lower and 
lower at the image this dimness will increase, since more 
and more rays will pass underneath the eye-lens. And 
when we come to ^, just half the rays are of use, viz. those 
falling on the lower half of the object-glass. Then c is said 
to be seen by half pencils. Below q the image will be seen 
by less than half pencils, less and less, and r is the last 
point that will be seen at all, since of all the rays converging 
from A CB to any point s below r, not one comes to the 
eye-lens. Similarly, no point above /' will be seen quite 
clearly. This indistinct piece in the image is called the 
^^ Ragged Edge:^^ it is found convenient to cut it off from 
sight, which is done by the ring in the focus, the aperture 
of which equals pf^ so as just to allow the whole of the 
distinct portion of the image to be seen. This ring is 
called the ''Stop:' 
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This could not be done in the Galilean telescope, since 
the image does not really exist. 

The size of this "Ragged Edge" can be found thus, 

pr _^hq 

Ragged Edge focal length of eye-glass 

diam. of object-glass f. 1. of eye-glass + f. 1. of obj. -glass * 

88. There is one more instrument which we will de- 
scribe, as it differs in its object from the telescope already 
discussed, although in construction it is very similar, viz. 
the microscope. We shall give its construction in its simplest 
form. 

The object of the instruments already treated on was to 
magnify and view clearly very distant objects ; they were 
therefore called " Telescopes^* The rays on the object-glass 
might then be regarded as parallel, and after passing 
through it, converged to the principal focus of the object- 
glass. 

The object of the present instrument is to magnify and 
view clearly very minute objects at a very small distance: 
so that the rays can be no longer regarded as parallel on 
the object-glass. The manner in which this is done can be 
seen by the following figure. 

Fig. 6o. 
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(7j is a convex lens with a very small focal length. PQ 
is a minute object placed slightly further from C^ than its 
focus. If PQ were exactly in its focus the emergent rays 
would be parallel to PC^, Therefore since object and 
image move in same direction, the rays from P will con- 
verge to a point /j on PC^ produced, where 

I II 



These rays are then viewed as in the Astronomical Tele- 
scope by another convex lens placed so that p^ is in its 
focus. The rays then emerge parallel to/jC^. The image 
therefore is seen under the angle /^C^^j, whereas without 
the lenses it would be seen under the angle PEQ, 

The smaller the focal length of C^, as also of C^, the 
greater would be the angle /^C,^,, /. e. the greater would be 
the magnifying power. Object-glasses are now made for 
microscopes with focal length of not more than -^Vth inch. 
From the fig. it is plain that the eye-lens must be consider- 
ably larger than the object-glass. 

To explain the fact that a star seen indistinctly through 
a telescope on account of the brightness of the night, can 
be made clearly visible by employing a higher magnifying 
power, while a planet cannot. If a faint star be viewed on 
a bright evening, it may be invisible on account of the 
brightness of the field of view.' If now we increase the 
magnifying power^ we do not increase the total quantity of 
light that enters the telescope, because that only depends 
upon the size of the object-glass. But by increasing the 
magnifying power we spread the same light over a larger 
area, and therefore the field of view appears fainter. If the 
star be a planet it will have a sensible disk, which will be - 
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magnified in the same proportion as the field of view, and 
the relative brightness will therefore remain unaltered. 
But in the case of a star there will be no sensible disk, and 
the brightness of the star will therefore be unaltered, that 
is, will appear relatively brighter than the field of view. 




CHAPTER XII. 
Chromatic Dispersion. 

89. We have, up to the present point, assumed that 
whatever happens to a ray of light, whether it be reflected 
or refracted, its quality remains always the same; that 
it is like a ball, which, after being thrown against a wall, 
is exactly the same ball as before it struck the wall. It 
was not until many attempts had been made to explain 
the Rainbow, that Newton stated, in 1675, the theorems 
that "Lights which differ in colour differ in refrangibility," 
and "The light of th^-ls'titf consists of rays differently 
refrangible." The latfec'^Jf^these is the one with which we 
shall be chiefly conGi^nSjed^^i^t Newton's first experiment to 
prove the first of theqj Is'so l^jAfple and instructive, that we 
give it. 

He took a black oblong stifi" paper terminated by paral- 
lel sides, and painted the upper half red and the lower half 
blue, and viewed it through a prism of a refracting angle of 
60** held parallel to the sides of the paper and the cross 
line. He then found that if the refracting angle of the 
prism were turned upwards, so that the paper might seem 
to be lifted up by the refraction, the blue half was lifted 
higher than the red half : and if downwards, the blue half 
was carried lower than the red half: which shewed that in 
both cases the light from the blue half of the paper suffered 
a greater refraction at the prism than that from the red 
half. We will now state the experiment by which Newton 
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proved the second of the theorems above, viz. that " Light 
of the sun consists of rays differently refrangible." 

Fig. 6i. 




He allowed the sun to shine through a round hole F in 
a shutter, about ^ of an inch in breadth. He then placed 
a prism A CB behind the hole, so that for the very small 
pencil from F falling upon it it should be in the position 
of minimum deviation for convenience, which position he 
settled in the way given in (Art. 56). Some distance be- 
hind the prism he placed a screen SS' to receive the re- 
fracted rays. The image PQ formed was oblong and not 
oval, but terminated with two rectilineal and parallel sides 
by which it was bounded pretty distinctly, while its ends 
were confused and indistinct, the light there decaying 
and vanishing by degrees. The breadth of this image 
answered to the Sun's diameter. This elongated stripe PQ,y 
the height of which is about five times its breadth, is found 
to be of different colours, these colours being ranged in the 
following order : violet, indigo, blue, green, yellow, orange, 
red. 

90. This experiment then shews that a ray of sunlight 
is not one colour by itself, but is made up of different 
colours, between which the eye does not distinguish, until 
they are detected for it by the new medium, which does not 
act on one colour in the same way as on another. 
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It is easy to see why the colours in this stripe, which is 
called the solar ^^ spectrum^^ are not pure, /.<?. appear to run 
into one another. Each separate ray of the small pencil 
from F has its own spectrum : thus the yellow, orange, and 
red of the spectrum of the uppermost ray would come upon 
the blue, green, and yellow of the middle ray, and upon the 
violet, indigo and blue of the lower ray, and thus no colours 
would be perfectly pure, except the extreme edges of the 
violet and red. 

91. Newton also shewed that all the various portions of 
this coloured band, when again brought together, produce 
upon the eye the effect of white light. 



Fig. 62. 



C 







This experiment he performed by simply allowing the 
light passing through the round hole F to fall on ABC^ 
producing the solar spectrum, and then, on looking at this 
coloured band by another prism (abc) placed in the same 
direction, instead of seeing a coloured band, he observed 
a spot of white light. (Roscoe.) 

92. We stated in Art. 90, that the spectrum was not 
quite pure. But in order to examine the spectrum usefully, 
it is necessary to have it quite pure. This object we can 
attain by the following means. 

(i) Let a small convex lens F of small focal length 
be placed in the hole in the shutter. An image of 
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the Sun will be formed in its principal focus, and 
since the focal length is very small the image will 
be very small, so small indeed that we may regard 
it as a mere luminous point 

Fig. 63. 




(ii) Let a very small pencil from this image of the sun 
fall upon the prism ACB^ which is placed in the 
position of minimum deviation for mean rays, /'. e, 
for rays of a mean amount of refrangibility, the 
remainder of the rays from the image being cut off 
by SS\ This prism refracts the violet rays most, 
and the red rays least. We will consider only those 
two colours for simplicity. Since our prism is 
placed in the position of minimum deviation, the 
red rays will appear very nearly to diverge after 
emergence from a point r, and similarly for violet 
(Art. 57). 

(iii) Let the rays now be received on the convex lens 

The red rays will then converge to /, where rC/ 
is a straight line, and -^ "* 7^ = (/^r- i) (- - -) : 

similarly for the violet, \l^ being the index of re- 
fraction for red rays. 

The spectrum t^v' is pure, but is too small to be 
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observed, since clearly it is hardly more than mere 
points of colour, therefore 

(iv) Lastly, let them be received upon another convex 
lens C„ so placed that m\ the point to which the 
mean rays converge, is in the principal focus. The 
rays from / will then emerge parallel to /C,, those 
from v' parallel to vC^ and we can by placing 
our eye at the proper place behind the lens C, view 
the image of the spectrum r'lf directly. This is 
obviously using the simple astronomical telescope 
to view the object rv, 

93. The great practical difficulty in performing this 
experiment when tried with sunlight, consists in the fact 
that as the sun moves, the light does not fall in the same 
direction on F, and its image therefore moves. To obviate 
this we must have, outside the shutter, an instrument called 
a "heliostat." This is a mirror revolving about an axis 
parallel to the Earth's axis with one-half the sun's angular 
velocity, so that it shall always reflect the sun's rays in a 
fixed direction, viz. on to the lens. 

94. It can be shewn that the spectrum thus found 
cannot be any further broken up. If we take for instance 
only the red rays in the last figure, after emergence at C^ 
and let them fall again on a prism, their colour is unchanged 
at emergence. Thus, finally, the foregoing experiments 
shew us that ordinary light is made up of a number of rays 
of different refractive indices varying between close limits. 

95. In Art. 91, we shewed how Newton proved that 
all the various portions of this coloured band, when again 
brought together, produce upon the eye the effect of white 
light. The same thing can be proved, or rather illustrated^ 
by a very easy experiment, which depends upon the fact 
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that light remains a short time on the eye. This fact can 
perhaps be shewn most simply thus. Place a white bead 
at the end of a string, and whirl it round. At first 
the eye is able to follow the bead round and round, but 
when it attains a certain pace, the eye sees only a white 
ring. This then shews that the light which came to the eye 
when the bead was in any fixed point of its orbit has re- 
mained on the eye during the time that the bead takes to 
make one revolution. This time is somewhere about y^th 
of a second. 

If now we take a disk of cardboard, and paint it in 
sectors with the colours of the spectrum in their proper 
proportion, we shall, if we place it on a top revolving 
15 times per second, gain the same effect as if the colours 
were mixed together in the same proportion^ that is, we 
shall see a white disk. 

Now the reason why all these different coloured lights, 
when they reach the eye, produce the effect of white light, 
is a physiological question which we cannot explain. We 
find that not only do all the colours of the spectrum, when 
they are brought upon the eye, produce the effect of white 
light, but that several mixtures of only a few out of all these 
different colours have the same power of producing upon 
the eye the effect of white light : for instance, violet and 
greenish yellow; indigo and yellow; blue and orange; 
greenish blue and red. 

96. There is a curious analogy between the human 
eye and ear which this spectrum brings out. It is well 
known that there are certain sounds which, and higher than 
which, many ears cannot hear at all, such as a grasshopper's 
chirp. The sensation of sound is produced by the vibra- 
tions of air acting on the nerves of the ear, each set of 
perves being acted upon by one sound If then the nerves 
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upon which such a sound as that mentioned would act are 
wanting, the ear would not hear that sound. 

Now in the same way it is known' that the refracted 
rays do not end with the visible part of the spectrum. 
This is found from the fact that outside the spectrum the 
heating power can be felt although there is no light. Indeed 
the maximum heating effect is obtained at a point outside 
the red portion of the spectrum. The blue and violet 
portion of the spectrum is that least endowed with heating 
power, but this portion and the invisible portion extending 
to some distance beyond the violet end are of very great 
service from the fact that they produce chemical action, 
such as the decomposition and blackening of silver salts, 
upon which the art of photography is based. 

97. The angle between any one of the coloured rays 
and the white ray produced is called the ^^ deviation^' of 
that coloured ray. 

The difference between the deviations of two colours , 
is called their " dispersion,'^ and the difference between the 
deviations of the extreme colours is called the ^^ dispersion 
ofihepencilP 

In treating on prisms we shewed (Art. 55) how to find 
the value of the refractive index /* for any medium. Now 
if we find in this way the values of /* for all the colours of 
the spectrum in several different media, we discover the 
fact that the ratio of the dispersion of any two colours to 
the dispersion of the extreme colours of the spectrum is not 
constant when different media are used. 

Thus, \i AEC^ A'S^C be two different media, and the 
angle between the violet rays and red rays, v and r, is the 

8 
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same in both, it is found that the angle between b and y^ 
the blue and yellow rays, is not the same. 

This is called the ^^Irrationality of dispersionJ" 

98. Hence, if two prisms can be made so as to give the 
same total dispersion, and if they be placed so as to refract 

Fig. 65, 





in opposite directions; in the emergent beam the extreme 
red and violet will be united, but not the intermediate 
colours completely. 

Since our prism is supposed placed in the position of 
minimum deviation, if ft^, /x^ be the indices for any two 
colours and D^^ Dy their deviations, the angle of the prism 
being small, then Z>,= (ji^ -i)A,Dy = {fiy-i)A; . *. D^-Dy = 
(/'» - A«>) -^> Art. 53 ; and therefore the dispersion varies as Ay 
but besides this it varies as li-^-fy, that is, (i) "the same 
substance disperses different colours differently." Again, 
if we take several prisms with the same refractive angle, 
but made of different media, the dispersion for two fixed 
colours is not always the same. Thus (ii) ''^aifferent sub- 
stances disperse the same ray differently." 

99. It is found also that the dispersion of any two 
colours is not proportional to the deviation of the axis of 
the pencil. This is clearly a most fortunate circumstance. 
If it were proportional, another way of saying it would be 
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that any combination of prisms or lenses which destroyed 
dispersion must destroy deviation top. Now the fact that 
a lens or a series of lenses magnifies an object arises 
simply from the fact that the direction of each ray suffers 
deviation, and the greater this deviation, the more is the 
object magnified. Thus then we should, by destroying dis- 
persion, gain a perfectly colourless image, but in no degree 
magnified. 

Since however dispersion is not proportional to deviation, 
media can be found which produce ike same dispersion 
in opposite directions of a given colour relatively to another^ 
but DIFFERENT DEVIATIONS in opposite directions in the 
axis of the pencil. If then a pencil be refracted through 
these media the two colours in question could be united, 
while the axis of the pencil suffers a deviation equal to the 
difference of the deviations which these media would pro- 
duce separately : but, as we said, the other colours would 
not be quite united, though nearly. (Parkinson's Optics^ 
Art. 173.) 

100. Let A and A be the refracting angles of two 
prisms of different media, and let \l and \>! be the indices 
in them for one particular colour. The deviations which 
the prisms would separately produce for this colour are 
(/A-i)-4 and (/a'-i)-^', when the angles A^ A' are 
small, and total deviation = (/a - i) ^ + (/»-'- i) ^'. If /x -f ;c 
and /a' + X be the indices for another colour, the total de- 
viation for this colour would be (ft + x- 1) ^ -f (fi' + ^ - i)A\ 
If these deviations be the same and opposite, i.e. if the 
colours are to be united at emergence from the second 

, A ci 
prism, then xA-^-x'A'^o^ or — , = , (i). 

A. X 

8-2 
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We have thus obtained one relation between A and A\ 
If now we have another given, for instance that the whole 
deviation in a given colour is to be a given amount, 
then (/Li- i)-^ + (fi'- i)^' = given quantity, (ii), and from 
equations (i) and (ii) we can find A and A' and thus make 
our prisms such that the colours considered may be united 
and the required deviation in a given colour produced. 
The minus sign in (i) shews that the edges of the prisms 
are to be turned in different directions. 



J 



CHAPTER XIII. 
THE RAINBOW. 

1 01. Early attempts were made to account for the 
colours of the rainbow, and various other phenomena in 
which colours are seen to arise from transient and unsub- 
stantial combinations of media. Thus Aristotle explains 
the colours of the rainbow by supposing that it is light seen 
through a dark medium : " No^," says he, " the bright seen 
through the dark appears red, as, for instance, the fire of 
green wood seen through the smoke, and the sun through 
mist. Also, the weaker is the light, or the visual power, 
the nearer the colour approaches to the black; becom-r 
ing first red, then green, then purple. But the vision is 
strongest in the outer circle, because the periphery is 
greater; thus we shall have a gradation from red, through 
green, to purple, in passing from the outer to the inner 
circle." The same doctrine is found in the work of De 
Dominis. According to him light is white; but if we mix. 
with the light something dark, the colouris arise — first red, 
then green, then blue or violet. He applies this to explain 
the colours of the rainbow, by means of the consideration 
that, of the rays which come to the eye from the globes of 
water, some go through a larger thickness of the globe than 
others, whence he obtains the gradation of colours. 

Descartes came far nearer the true philosophy of the 
iridal colours. He found that a similar series of colours 
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were produced by refraction of light bounded by shade, 
through a prism. " At first," he says, " I doubted whether 
the iridal colours were produced in the same way as those 
in the prism; but at last, taking my pen and carefully 
calculating the course of the rays which fall on each part 
of the drop, I found that many more come out at an angle of 
forty-one degrees^ than either at a greater or less angle. So 
that there is a bright, bow terminated by a shade; and 
hence the colours are the same as those produced through 
a. prism^" , . 

I02. At length, in 1672, Newton gave the true ex- 
planation of the facts. His discovery consisted in teaching 
distinctly that the law of refraction was to be applied, not 
to the beam of light in general, but to the colours in par- 
ticular. The whole explanation of the rainbow turns on 
this fact and that of " minimum deviation," It was shewn 
that if a pencil of rays fall upon the face of a prism, that 
ray which after refraction at the first surface passed through 
the prism symmetrically with respect to the sides of the 
prism, was least refracted, and that, of the other rays, those 
which came put nearest to this ray came out closest together; 
so that, if an eye received the refracted rays, it would see 
most light in the direction of minimum deviation (Art. 62). 
Now the same thing will happen in the case of a sphere 

instead of a prisnu 

Fig. ^» 






Suppose FQHS a ray falling on a sphere : it is refracted 
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at C and falls on the further surface at R ; part of this ray 
is refracted at i? and never meets the eye ; but the rest is 
reflected at R, falls on the lower surface at S, and is then, 
for a great part, refracted to T. 

If now we suppose a great number of rays to fall paral- 
lel on the upper side of the sphere, they will come out at 
the lower side, but more will come out very nearly in the 
direction of the ray which has minimum deviation than in 
any other direction. If PQRST be this ray, the emergent 
rays close to ST will form a very small pencil of nearly 
parallel rays, where the angle TVZ or deviation « about 
i39^ An eye therefore that was placed in a position to 
receive the rays about TS would see much stronger light 
from this drop than an eye elsewhere. We are now in a 
condition to explain the rainbow generally. We have 
hitherto in this Art. supposed that the light is unaltered by 
being refracted : but, on entering at Q^ it is split up into 
all the colours of the spectrum. 

103. (i) Consider light to be of only one colour, say 
red. We have then a beam of parallel red rays from the 
sun falling on the drop D. The emergent beam will con- 
sist of two classes of light, chief light and minor light, the 

Fig. 67. 




chief light being that which comes out in the position of 
minimum deviation, and minor light all the rest 
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Let PQ be the red ray of minimum deviation : let it, 
after emergence, fall upon the eye in the direction SE, 

Through E draw EA parallel to the incident ray PQ. 
Then all the spherigal drops of rain which lie on the 
cone whose vertex is E and semi-vertical angle is AED 
send light in the same state to the eye — i.e. send red light 
in the direction of minimum deviation. 

This is apparent by symmetry. There is no reason, for 
instance, why the light from one drop D on that cone 
should be in the least different from tiiat from any other 
drop d on the same cone. 

Now recollecting that VE is the ray of minimum devia- 
tion, and recollecting that the meaning of that in this case 
is that rays which fall either higher or lower on the drop 
than PQ or Pq make on emergence a larger angle EVZ^ 
a little consideration will shew that any drop within that 
cone will send minor red light to the eye. But any 
drop without the cone will send no light at all. 

The appearance to the eye would therefore be that of a 
bright red arch, fading gradually away towards the inside 
of the arch, but sharply defined on the outside. 

(2) Now take lights of all the colours of the spectrum. 
What has just been said applies equally to each of them ; 
and, since each light has its own direction of minimum 
deviation, we shall have a concentric series of arches of 
different colours, EA being their common axis. Since 
violet is more refracted than red, the minimum deviation of 
violet is greater than that of red; whence it follows that the 
red bow is above the violet bow. The other colours would 
be arranged in their proper order between. The following 
figure will, perhaps, help to make this point clear* 
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If E be an eye and D a drop, such that DE is the 
position of minimum deviation for the red rays, then E will 
receive the red rays from D^ but not the violet 

Fig. 68. 




On the other hand it will receive the violet rays from 
dy but not the red rays. 

The red bow is therefore seen in the direction ED^ 
while the violet bow is seen in the direction Ed, That 
is, the red bow is the outside one. 

The chief red light is at the red arch, but minor red 
light, as we said, is within the arch, and so for all the 
colours. That is, the red part of the bow is the only part 
that is seen quite pure. Also we noticed that close to the 
red bow, on the outside of it, there is no light; the red bow 
is therefore the most visible, by contrast. 

This rainbow, formed by two refractions and one re- 
flexion, is called the ^^ Primary^' rainbow. 

104. The space above the primary bow appears for 
some distance, as we said in the last Article, darker than the 
rest Beyond this space appears a broader but fainter 
rainbow, the colours of which are in the reverse order to 
those in the primary. The origin of this ^^ Secondary'^ bow 
can be explained by pencils which come to the eye after 
having suffered two internal reflexions at the raindrop. 
(Parkinson's Optics, Art 267.) 
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At every reflexion and in a less degree at every refrac- 
tion the pencil loses somewhat of strength. This will ac- 
count for the secondary bow being fainter than the primary 
bow, since one more reflexion takes place in it than in the 
primary bow. 

The following figure will serve to shew the course of the 
rays forming the ^^ secondary''' rainbow. 

The ray PQ is refracted at Q^ reflected at R^ re- 
flected at Sy refracted at T^ losing some of its brilliancy at 

Fig. 69. 




each change^ Thus an eye at E sees a faint illumination 
in the direction ET, 

The deviation^ being the angle through which the ray 
has been bent from its original direction before it meets 
the eye, is the angle 360® - ^ VE, This angle will there- 
fore be greater for violet rays than for red rays, and by 
reasoning precisely similar to that used in the last Article, 
the reader can see that the violet arch will in this case 
be the highest, and the red the lowest; also that the minor 
light of each arc is above the arc. Thus the space between 
the two bows is much darker than that below the primary 
bow or above the secondary bow. 



CHAPTER XIV. 



THE HUMAN EYE. 



105. In the chapter on lenses we said that for the pur- 
poses which we had then in view the eye might be regarded 
as a double convex lens, forming images of external objects 
on the retina, which is placed at the back of the eye, and 
the nerves at the back of which convey impressions to the 
brain. We will now give a somewhat more full description 
of the eye. 

The following two drawings of the eye, being vertical 
section and horizontal section of the right eye, seen from 
above, should be carefully studied. 
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(i) 



Fig. 70. 





Vertical section. 



Horizontal section — right eye 
seen from above. 



a The cornea, transparent, continuous with g the 
sclerotic coat, opaque. 

b The anterior or aqueous chamber, filled with aque- 
ous fluid, refractive index less than in cornea. 

c The iris, surrounding the pupil, which is the hole in 
the iris. 

d The crystalline lens. 

e The posterior or vitreous chamber, containing the 

semi-fluid vitreous humour. 
/ The choroid coat of the inside of the eyeball, black. 

g The sclerotic coat on the outside. 

hK The retina, network of nerve fibrils to receive images 
— vertical section. 

pf The retina, network of nerve fibrils to receive images 
— horizontal section. ^ 

/ The visual centre of the retina, where sight is keen- 
est, also called the "yellow spot" 

k The "punctum coecum," also called the "optic disk." 

/ The optic nerve. 

m Continuation of sclerotic, coating the optic nerve. 
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106. The convex cornea («), receiving, say, parallel 
rays, causes them to converge: this convergence is slightly 
diminished at the surface of the aqueous humour (^), since 
its refractive index is less than that of cornea, but again 
greatly increased at the first surface of the double convex 
crystalline lens (//), and yet again greatly increased at the- 
second surface of the lens, which is considerably denser 
than the humours before and behind it. 

On the whole then we may regard cornea, lens, and 

humours as a compound object glass, which makes parallel 

or slightly divergent rays converge to a focus on the retina 

hh!^ if the retina is at the proper distance. Now when the 

eye is perfectly at rest, all its muscles relaxed and no effort 

at all exerted, the retina is at the proper distance to receive * 

the image formed by parallel rays incident on the cornea, is 

in fact in the principal focus of the compound object glass 

above mentioned. 

Fig. 7T. 



o». 



Thus, suppose the eye is directed to a point Q a long 
way off, so that Q is on the optical axis of the eye, i.e. the 
line Adi^ where A and d are the centres of the cornea and 
crystalline lens respectively, and / is the point of keenest 
sight. The rays proceed as described, and converge to /, 
and thus excite on the retina a sensation which is con- 
veyed by the nerve fibrils of the retina to the brain. 
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107. We have, as we said, here supposed the rays 
to come parallel, i.e. from some very distant object, as the 
moon. But suppose now that the eye is directed to some 
object a great deal closer, suppose, for instance, we wish to 
pick a hair from the end of a pen: and suppose for the 
moment the eye to remain in exactly the same state as 
in the figure above. 

Then, since an object Q and its image q move in the 
same direction, if Q is brought to a point Q', q would be 
brought to a point / behind the retina, and the eye would 
see no distinct image. This, as we said in Art (72), consti- 
tutes the defect known as " long sight." 

If, then, the eye is to see a clear image, i. e. if q* is to fall 
on the retina, there must evidently be some change in shape, 
either of the cornea (d) or the crystalline lens (//), or else 
the distance between the lens {d) and the retina must in 
some manner or other be altered at will*. 

" It has long been disputed what the exact change is, 
and the dispute is not yet settled. There is a small muscle, 
called the ciliary muscle, round the base of the membrane (p\ 
which attaches the lens to the walls of the eyeball, and 
mociern writers ascribe to this muscle the function of alter- 
ing the shape and position of the lens, but even so the 
modus operandi remains obscure. A change in the position 
of the lens implies great compression of the humour in one 
or other of the chambers of the eye, and it must be no 
slight force that shall effect this compression. 

I believe it is certain, from direct observation, that the 
lens is pushed forward in near vision, and also that its ante- 
rior surface is made more convex. This latter point is 

* Both of these changes would clearly aid in bringing ^ to. q» 
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determined by watching the image of a lamp flame reflected 
at the first surface of the lens : the image grows smaller 
when the eye is adapted for near vision. The small ciliary 
muscle seems unequal to these effects.. More probably they 
are due to the constriction of the eyeball by two strong 
muscles called the " oblique," which gird the ball in a plane 
at right angles to its axis. The contraction ©f this gifth 
gives a slight elongation to the eyeball in the direction of its 
axis, i. e. increases the distance between the lens and the 
retina, and therefore fits the latter to receive the receding 
image of a nearer object* You can feel in your own eyes 
that in withdrawing their gaze from a distant object ta an 
object very near you are performing a muscular exercise; 
and in straining the eyes to the limits of near vision the 
muscular effort becomes very great, and may even be made 
decidedly painful; whereas in re-adapting the eyes to dis- 
tant vision you feel that you are relaxing a muscle; you 
cannot strain your eyes for distant vision ; the effort is only 
the effort of abstaining from muscular action, and giving the 
eyeball time to resume its shape. The limit of distinct 
near vision is about 6 inches, differing in different people. 
Some eyes have an undue convexity of cornea or lens, or a© 
undue distance between lens and retina, so that parallel raiys 
incident on the cornea are brought to a focus before they 
reach the retina. This defect is called "short sight," and 
cannot be remedied by any effort of the eye, though it is 
palliated by a contraction (instinctive, involuntary) of the 
pupil, or by almost complete closure of the eyelids, by which 
the marginal rays of the pencil are excluded, and the mar- 
ginal rays are the ones that make confusion and indistinct- 
ness in the image. This accounts for the fact of a short- 
sighted person habitually compressing his eyelids till there is 
a mere chink between them. But the malformation is easily 
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remedied by the interposition of a double-concave or plano- 
concave eye-glass in front of the eye, which gives a slight 
divergence to the parallel rays from a distant object and 
throws the image, of that object further back into the eye 
till it is within the range of the retina." 

** Long-sight," or inability to see clearly objects that are 
within a foot or two feet, is due to loss of muscular power 
in the adjustment of the eye for near vision, and is a very 
common defect in old people. Also in advancing age there 
is a flattening of the cornea, which throws images a little 
further back, and makes a greater effort required for bring- 
ing the retina into the focus. This is remedied by a convex 
eye-glass, such as old people generally use. 

1 08. We give a figure shewing the formation of the 
image of an object of any size; only one point of which can 
of course lie upon the optical axis. The result is precisely 
as in a double convex lens, the centre of the eye, that is, 
the optical centre, lying at about the middle point of the 

pupil b. 

Fig. 72. 




Thus let POQ be an object and let C be the optical 
centre of the compound lens. Then 

I I 



Cp CF f Cq CQ / 
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Range of Vision, 

109. When the eye looks straight forward, full face, its 
range of vision is much limited; above, by the projecting 
lid and eyebrow ; below, by the projecting lid and cheek- 
bone; inwards, by the projecting nose: but outwards there 
is no hindrance at all ; the most oblique rays from the right 
meet with no obstacle to" prevent their entrance into the 
right eye; and in like manner the left eye is open to the 
most oblique rays from the left Exactly corresponding to 
this ordinary range of admission of rays from outer- objects, 
is the range of sensitiveness possessed by the retina. This 
is shewn in figures (i) and (ii). The vertical section shews 
the range of retinal sensitiveness above and below, and the 
horizontal section shews the range inward and outward. 
In the latter it will be noticed that the portion ih! of the 
retina of the right eye is much greater than the portion ih^ 
i being the visual centre of the retina, in the axis of vision, 
ih receives rays from the right, unhindered: ih receives 
rays from the left, but the nose being in the way, it does 
not receive those of great obliquity, and there is therefore 
no need of retina for such rays. As nearly as I can esti- 
mate, the upward range is about 60^, the downward about 
50®, the inward about 50", the outward about 95^ Looking 
straight forwards, one can detect objects to right or lefr 
further back than the horizontal line joining the two eyes. 

no. Over the entrance of the optic nerve (Fig. 72 (ii)), 
there is a circular patch of the retina which is incapable of 
distinct vision, though not insensible to general impressions 
of light and colour. Looking with only one eye open, at 
very large print, it may be noticed that there is an obscura- 
tion of a batch of letters about is** to the outer side of the 
centre of vision (to the left, looking with the left eye ; to the 

9 



1 30 GEOMETRICAL OPTICS. [Chap. XIV. 

right, looking with the right eye). This patch of obscurity 
is about 5° in diameter. Looking with both eyes open, 
the blindness of each punctum caecum is corrected by the 
sharp-sighted tract on the corresponding side of the other 
retina. 

It is pretty well established that the left halves of the 
two retinae are supplied with nerve fibres from the left half 
of the brain, and the right halves from the right. The 
evidence of this is got partly from dissection, and partly 
from observation of morbid phenomena: instances are 
recorded in which disease on one side of the brain was 
attended with permanent blindness of the corresponding 
sides of both retinae. "Half-blindness" of a transient 
nature, affecting both eyes in the same way, points to the 
same conclusion. [Read an interesting paper by Dr Wool- 
laston in the Philosophical Transactions of the Royal 
Society, 1S24, i. p. 222.] 

III. It will be observed that images on the retina are 
upside down, and we might therefore expect to see every- 
thing upside down. But since we see everything upside 
down, this effect is destroyed. " What has the mind to do 
with upside down so long as it gets evidence of position and 
motion of things external in harmony with the uprightness 
of the body, and the fact of gravity pulling everything to the 
earth?" 
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cloth. loj. 6d, 

A TREATISE ON THE INTEGRAL CALCULUS 

AND ITS APPLICATIONS. With numerous Examples. Third 
Edition, revised and enlarged. Crown Svo. cloth, los. 6d, 

A TREATISE ON ANALYTICAL STATICS. With 
numerous Examples. Third Edition^ revised and enlarged. Crown 
Svo. cloth, los, 6d, 

By S. Parkinson^ D.D. 

AN ELEMENTARY TREATISE ON MECHANICS. 

For the Use of the Junior Classes at the University and the Higher 
Classes in Schools. With a Collection of Examples. Fourth Edi- 
tion, revised. Crown Svo. doth. gj. 6d. 

A TREATISE ON OPTICS. Third Edition, revised. 

Crown Svo. lor. 6d, 

By Hugh Qodfray^ HLJl. 

A TREATISE ON ASTRONOMY, for the Use of Col- 
leges and Schools. Svo. cloth. 11s, 6d, 

AN ELEMENTARY TREATISE ON THE LUNAR 

THEORY, with a Brief Sketch of the Problem up to the time of 
Newton. Second Edition, revised. Crown Svo. cloth. 5J. 6d, 

MACMILLAN AND CO., LONDON. 
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iESCHYLI EUMENIDES. The Greek Text, with English Notes 
and English Verse, Translation, and an Introduction. By Bernard 
Drake, M.A., late Fellow of King's College, Cambridge. 
8vo. y, 6d, 

The Greek text adopted in this Edition is based upon that of Wellauer, 
which may he said, in general terms, to represent that of the best manu- 
scripts. But in correcting the Text, and in the Notes, advantage has been 
taken of the suggestions of Hermann, Paley, Linwood, and other com- 
mentators. In the Translation, the simple character of the ^schylear. 
dialogues has generally enabled the author to render them without any 
material devision from the construction and idioms of the original Greek, 

5,000.2.70. A 
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ARISTOTLE ON FALLACIES; OR, THE SOPHISTICI 
ELENCHI. With a Translation and Notes by Edward Poste, 
M.A., Fellow of Oriel College, Oxford. 8vo. Sj. dd. 

Besides the doctrine of Fallacies, Aristotle offers, either in this treatise 
or in other passages quoted in the commentary, various glances over the 
world of science cmd opinion, various suggestions or problems which are 
still agitated, and a vivid picture of the ancient system of dialectics, which 
it is hoped may be found both interesting and ittstructive. 

Aristotle. — an introduction to aristotle's 

RHETORIC. With Analysis, Notes, and Appendices. By E. 
M. Cope, Senior Fellow and Tutor of Trinity College, Cam- 
bridge. 8vo. I4r. 
This work is introductory to an edition of the Greek Text of Aristotlis 
Rhetoric, which is in course of preparation. Its object is to render that 
treatise thoroughly intelligible. The author has aimed to illustrate, as 
preparatory to the detailed explanation of the work, the general bearings 
and relations of the Art of Rhetoric in itself, as well as the special mode of 
treating it adopted by Aristotle in his peculiar system. The evidence upon 
obscure or doubtful questions connected with the subject is examined ; and 
the relations which Rhetoric bears, in Aristotle's view, to the kindred art 
of Logic are fully considered, A connected Analysis of the work is given, 
sometimes in the form, of paraphrase ; and a few important matters are 
separately discussed in Appendices, There is added, as a general Appendix, 
by way of specimen of the antagonistic system of Isocrates and others, a 
complete analysis of the treatise called 'Pyrropix'^ irphi *AK€^ay^poi/, with a 
discussion of its authorship and of the probable results of its teaching. 

Cicero.— THE SECOND PHILIPPIC ORATION. With an 
Introduction and Notes, translated from the German of Karl 
Halm. Edited, with Corrections and Additions, by John E. B. 
Mayor, M.A., Fellow and Classical Lecturer of St. John*s 
College, Cambridge. Third Edition, revised. Fcap. 8vo. 5^. 

This volume opens with a List of Books useful to the Student of Cicero, 
including History, Chronology., Lexicons, and some account of various 
editions, mostly German, of the works of Cicero, The Introduction is 
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based on Halm : wkere Halm gives a reference to a classic^ the passage has 
been commonly printed at length ; where the reference is to HcUw^s notes 
on other Ciceronian speeches^ or to modern books, the additioncU matter hat 
been incorporated: and the numerous Greek quotations have been rendered 
into English, The English editor has further illustrated the work by 
additions drawn, for the most part, (i) from the ancient authorities ; (2) 
from his ownprivcUe marginal references, and from collections ; (3) from 
the notes of previous commentators, A copious * argument ' is also given. 

DEMOSTHENES ON THE CROWN. The Greek Text with 
English Notes. By B. Drake, M.A., late Fellow of King's 
College, Cambridge. Third Edition, to which is prefixed 
iESCHINES AGAINST CTESIPHON, with English Notes. 
Fcap. 8vo. 5J. 
An Introduction discusses the immediate causes of the two orations, and 

their general character. The Notes contain frequent references to the best 

authorities. Among the appendices at the end is a chronological table of 

the life and public career of ySschines and Demosthenes, 

Hodgson.— MYTHOLOGY FOR LATIN VERSIFICATION, 
A brief Sketch of the Fables of the Ancients, prepared to be 
rendered into Latin Verse for Schools. By F. Hodgson, B.D., 
late Provost of Eton. New Edition, revised by F. C. Hodgson, 
M.A. iSmo. y. 

The late Provost of Eton has here supplied a help to the composition of 
Latin Verse, combined with a brief introduction to Classical Mythology. 
In this new edition a few mistakes have been rectified; rules have been 
added to the Prosody ; and a more uniform system has been adopted with 
regard to the help afforded. 

Juvenal. — Thirteen Satires of JUVENAL. With a Commentary. 

By John E. B. Mayor, M.A., Fellow of St. John's College, 

Cambridge. Second Edition, enlarged. Part I. Crown 8vo. sewed. 

3j. dd. 

The text is accompanied by a copious Commentary, For various notes 

the author is indebted to Professors Munro and Conington. All the 

citations have been taken anew from the original authors, 

A 2 
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Marshall. — a table of irregular greek verbs, 

classified according to the arrangement of Curtius' Greek Grammar. 
By J. M. Marshall, M. A., Fellow and late Lecturer of Brasenose 
College, Oxf6rd ; one of the Masters in Clifton College. 8vo. 
cloth. IJ. 

T^ system of this table has been borrowed from the excellent Greek 
Grammar of Dr. Curtius. 

Mayor, John E. B.— first greek reader. Edited 

after Karl Halm, with Corrections and large Additions by John 
E. B. Mayor, M.A. Fellow and Classical Lecturer of St. John's 
College, Cambridge. Fcap. 8vo. 6j. 

A selection of short passages^ serving to illustrate especially the Greek 
Accidence. A good deal ofsyntcuc is incidentally taught, and Madvigand 
other books are cited, for the use of masters : but no learner is expected to 
know m^re of syntax than is contained in the Notes and Vocabulary. 
A prefcu:e ** To the Reader,^'' not only explains the aim and method of 
the volume, but also deals with classical instruction generally. The 
extracts are uniformly in the Attic dialect, and any Hellenistic fortns 
occurring in the original classic authors, such cts Julian and Polybius, 
have been discarded in favour of the corresponding Attic expressions. 
This book may be used in connexion with Mayor's ** Greek for Beginners." 

Mayor, John E. B.— See JUVENAL. 

Mayor, Joseph B. — GREEK FOR BEGINNERS. By the 
Rev. J. B. Mayor, M.A. Fcap. 8vo. 4s. 6d. 

The distinctive method of this book consists in building up a bo^s 
knowledge of Greek upon the foundation of his knowledge of English and 
Latin, instead of trusting everything to the unassisted memory. The 
forms and constructions of Greek have been thoroughly compared with 
those oj Latin, and no Greek words have been used in the earlier part of 
the book except such as have connexions either in English or Latin. Each 
step leads naturally on to its successor, grammatical forms and rules are 
at once applied in a series of grcuiuated exercises, accompanied by ample 
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vocaimlaries. Thus the book serves as Grammary Exercise book, and 

Vocabulary, Where possible, the Grammar has been simplified; the 

ordinary ten declensions are reduced to three, which correspond to the 

first three in Latin ; and the system of stems is adopted, A general 

Vocabular)'^ and Index of Greek words, completes the work, 

Peile (John, M.A.)— AN INTRODUCTION TO GREEK 
AND LATIN ETYMOLOGY. By John Peile, M.A., FeUow 
and Assistant Tutor of Christ's College, Cambridge, formerly 
Teacher of Sanskrit in the University of Cambridge. 8vo. lar. 6d. 

These Philological Lectures are the result of Notes meule during the 
author's reading during the last three or four years. These Notes were 
put into the shape of lectures, delivered at Chrisfs College, during the last 
May term, as one set in the ** Intercollegiate " list. They are now printed 
with some additions and modifications, but substantially as they were 
delivered. 

Plato.— THE REPUBLIC OF PLATO. Translated into English, 
with an Analysis and Notes, by J, Ll. Davies, M.A., and D. J. 
Vaughan, M.A. Third Edition, with Vignette Portraits of Plato 
and Socrates, engraved by Jeens from an Antique Gem. i8mo. 
4r. dd. 

An introductory notice supplies some account of the life of Plato, and 
the translation is preceded by an elaborate analysis. ** The translators 
have," in the judgment of the Saturday Review, ** produced a book which 
any reader, whether acquainted with the original or not, can peruse ivith 
piecuure as well as profit." 

Plautus (Ramsay). — ^the mostellaria of plau- 

TUS. With Notes Critical and Explanatory, Prolegomena, and 
Excursus. By William Ramsay, M.A., formerly Professor of 
Humanity in the University of Glasgow. Edited by Professor 
George G. Ramsay, M. A., of the University of Glasgow. 8vo 
14J. 
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** The fruits of thai exhaustive research and thai ripe and. well-digested 
scholarship which its author brought to bear upon everything that he 
undertook are visible throughout it. It is furnished with a complete 
apparatus of prolegomena^ notes ^ and excursus; and for the use of veteran 
scholars it probably leaves nothing to be desired "^-Fkll Mall Gazette. 

Potts (Alex. W., M.A.) — HINTS TOWARDS LATIN 
PROSE COMPOSITION. By Alex. W. Potts, M.A., late 
Fellow of St. John's College, Cambridge ; Assistant Master in 
Rugby School ; and Head Master of the Fettes College, Edinburgh. 
Extra fcap. 8vo. cloth. 2s. 6d, 

Those ettgaged in Classical teaching seem to be unanimously of the 
opinion that Composition in Latin Prose is not only the most efficient 
method of acquiring a mastery of the Latin language^ but is in itself 
a valuable means of mental trainings and an admirable corrective of some 
of the worst features in English writing. An attempt is here made to 
give students^ after they have mastered ordinary syntactical rules^ some idea 
of the characteristics of Latin Prose and the means to be employed to 
reproduce them. Some notion of the ireatmatt of the subject may be 
gathered from the * Contents.^ Chap. I. — Characteristics of Classical 
Latin, Hints on turning English into Latin; C HAP. II. — Arrangement 
of Words in a Sentence ;. Chap. III. — Unity in Latin Prose, Subject and 
Object; Chap. lY.— On the Period in Latin Prose ; Chap. V. — On the 
position of the Relative and Relative Clauses. 

Roby.— -A LATIN GRAMMAR for the Higher Classes m Grammar 
Schools. By H. J. Roby, M.A. [In the Press. 

Sallust.— CAII SALLUSTII CRISPI CATILINA ET JUGUR- 
THA. For Use in Schools. With copious Notes. By C. 
Merivale, B.D. (In the present Edition the Notes have been 
carefully revised, and a few remarks and explanations added.) 
Second Edition. Fcap. 8vo. 41. (>d. 
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Sallust — continued. 

The JUGURTHA and the CATILINA may be had separately, price 
2s, 6d. each. 

TTiis edition of Sallust, prepared by the distinguished historian oj Rome, 
contains an introduction, concerning the life and works of Sallust, lists 
of the Consuls^ and elaborate notes. 



Tacitus.— THE HISTORY OF TACITUS TRANSLATED 
INTO ENGLISH. By A. J. Church, M.A., and W. J. 
Brodribb, M.A. With Notes and a Map. 8vo* los. td. 

The translators have endeavoured to adhere as closely to the original as 
wcu thought consistent with a proper observance of English idiom. At 
the same time, it hcu been their aim to reproduce the precise expressions oJ 
the author. The campaign of Crvilis is elucidated in a note of some length, 
which is illustrated by a map, containing the names of places and of tribes 
occurring in the work. There is also a complete account of the Roman army 
a^ it wets constituted in the time of Tacitus. This work is characterised 
by the Spectator as ** a scholarly and faithful translation.''^ 

THE AGRICOLA AND GERMANIA OF TACITUS. A Revised 
Text, English Notes, and Maps. By Alfred J. Church, M.A., 
and W. J. Brodribb, M.A. Fcap. 8vo. 3^. dd. 

" We have endeavoured, with the aid of recent editions, thoroughly to 
elucidate the text, explaining the various difficulties, critical and gramma- 
tical'^ which occur to the student. We have consulted throughout, besides 
the older commentators, the editions of Ritter and Orelli, but we are 
under special obligations to the labours of the recent German editors, Wex 
and KritzJ* Tkvo Indexes are appended, (i) of Proper Names, (2) of 
Words and Phrases explained, 

THE AGRICOLA and GERMANIA may be had separately, price 
2s, each. 
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Tacitus — continued, 

THE AGRICOLA AND GERMANIA. Translated into English 
by A. J. Church, M.A., and W. J. Brodribb, M.A. With 
Maps and Notes. Extra fcap. 8vo. 2s, 6d. 

The translators have sought to produce such a version as may scctisfy 
scholars who demand a faithful rendering of the original^ and English 
readers who are offended by the baldness and frigidity which commonly 
disfigure translations. The treatises are accompanied by introductiofts, 
notesy maps, and a chronological summary, 7he Athenaeum says of this 
work thai it is" a version at once readable and exact , which may be perused 
with pleasure by all, and consulted with advantage by the classical student. 
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Thring. — Works by the Rev. E. THRING, M.A., Head Master 
of Uppingham School. 

A LATIN GRADUAL. A First Latin Construing Book for 
Beginners. By Edward Thrpng, M.A. Fcap. 8vo. 2s. 6d. 

The Head Master of Uppingham has here sought to supply by easy steps 
a knowledge of grammar y combined with a good Vocabulary. Passages 
have been selected from the best Latin authors in prose and verse. These 
passages are gradually built up in their grammatical structure, and 
finally printed in full. A short practical manual of common mood con- 
structionSf with their English equivalents, forms a second part, 

A MANUAL OF MOOD CONSTRUCTIONS. Fcap.Svo. is. ea. 

Treats of the ordinary mood constructions, as found in the Latin, Greek, 
and English languages. 

A CONSTRUING BOOK. Pca^. 8vo. 2s. 6d 

Thucydides.— THE SICILIAN EXPEDITION. Being Books 
VI. and VII. of Thucydides, with Notes. A New Edition, revised 
and enlarged, with a Map. By the Rev. Percival Frost, M. A., 
late Fellow of St. John's College, Cambridge. Fcap. 8vo. 5^. 
This edition is mainly a grammatical one. Attention is called to the 

force of compound vtrbs, and the exact meaning of the various tenses 

employed. 
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Wright. — Works by J. WRIGHT, M.A., late Head Master of 
Sutton Coldfield School. 

HELLENICA ; OR, A HISTORY OF GREECE IN GREEK, as 
related by Diodorus and Thucydides ; being a First Greek Reading 
Book, with explanatory Notes, Critical and Historical. Third 
Edition, with a Vocabulary. i2mo. 3^". 6^. 

In the last twenty chapters of this volume^ Thucydides sketches the rise 
and progress of the Athenian Empire in sO' clear a style and in such simple 
language^ that the editor has doubts whether any easier or more instruc- 
tive passages can be selected for the use of the pupil who is commencing 
Greek, This book includes a chronological table of the events recorded, 

A HELP TO LATIN GRAMMAR ; or. The Form and Use of Words 
in Latin, with Progressive Exercises. Crown 8vo. 4f. dd. 

This book is not intended as a rival to any of the excellent Grammars 
now in use ; but as a help to enable the beginner to understand them, 

THE SEVEN KINGS OF ROME. An Easy Narrative, abridged 
from the First Book of Livy by the omission -of Difficult Passages; 
being a First Latin Reading Book, with Grammatical Notes. 
With Vocabulary and Exercises. Fourth Edition. Fcap. 8vo. 5j. 

This work is intended to supply the puptl with an easy construtng booky 
which may at the same time be made the vehicle for instructing him in the 
rules of grammar and principles of composition. The notes profess to 
teach what is commonly taught in grammars. It is conceived that the 
impil will learn the rules of construction of the language much more 
eorsily from separate examples^ which are pointed out to him in the course 
of his readings and which he may himself set down in his note-book after 
some scheme of his own, than from a heap of quotations amassed for him 
by others. 

Or, separately, 

SEVEN KINGS OF ROME, y, 

VOCABULARY AND EXERCISES TO "THE SEVEN KINGS." 
2s, dd. 
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CLASSIC VERSIONS OF ENGLISH BOOKS, 

AND LATIN HYMNS. 

The following works are, as the heading indicates, 
classic renderings of English books. For scholars, and 
particularly for writers of Latin Verse, the series has a 
special value. The Hymni Ecclesise are here inserted, as 
partly falling under the same class. 

Church. — HOR^ TENNYSONIAN^ SIVE ECLOG^ E 
TENNYSONO. Latinse Redditse A. J. Church, A.M. 

[^«j/ ready, 

Latham. — SERTUM SHAKSPERIANUM, Subnexis aliquot 
aliunde excerptis floribus. Latine reddidit Rev. H. Latham, M.A. 
Extra fcap. 8vo. 5^. 

Besides versions of Shakspeare this volume contains , among other pieces^ 

Gray's ''Elegy,'' CampbelVs '' Hohenlinden," Wolffs '' Burial of Sir 

John Moorey* and selections from Cowper and George Herbert. 

Lyttelton.— THE COMUS OF MILTON, rendered into Greek 
Verse. By Lord Lyttelton. Extra fcap. 8vo. $s. 

THE SAMSON AGONISTES OF MILTON, rendered into Greek 
Verse. By Lord Lyttelton. Extra fcap. 8vo. 6s, 6d, 

Merivale. — KEATS' Hyperion, rendered into Latin Verse. 
By C. Merivale, B.D. Second Edit. Extra fcap. 8vo. 3^. 6d. 

Hymni Ecclesiae. — Edited by Rev. Dr. Newman. Extra 
fcap. 8vo. is. 6d. 
Hymns of the Mediceval Church, The first Part contains selections 
from the Parisian Breviary ; the second from those of Rome, Salisbury, 
and York, 

Trench (Archbishop). — SACRED LATIN POETRY, 

chiefly Lyrical, selected and arranged for Use ; with Notes and 

Introduction. Fcap. 8vo. 7^. 
In this work the editor has selected hymns of a catholic religious 
sentiment that are common to Christendom, while rejecting those of a 
distinctively Romish character. 
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Airy. — Works by G. B. AIRY, Astronomer Royal :— 

ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 
EQUATIONS. Designed for the Use of Students in the Univer- 
sities. With Diagrams. Crown 8vo. cloth, 5j. ^d. 

It is hoped that the methods of solution here explained^ and the instances 
exhibited^ will be found sufficient for application to nearly all the important 
problems of Physical Science^ which require for their complete investigation 
the aid of Partial Differential Equations, 

ON THE ALGEBRAICAL AND NUMERICAL THEORY OF 
ERRORS OF OBSERVATIONS AND THE COMBINA- 
TION OF OBSERVATIONS. Crown 8vo. cloth. 6j. 6ar. 

/;/ order to spare astronomers and observers in natural philosophy the 
confusion and loss of time which are produced by referring to the ordinary 
■ treatises embracing both branches of probabilities {the first relating t<^ 
chances which can be cdtered only by the changes of entire units or in- 
tegral multiples of units in the fundamental conditions of the problem ; 
the other concerning those chances which have respect to insensible grada- 
tions in the value of the element measured) the present tract has been drawn 
up. It relates only to errors of observation^ and to the rulesy derivable 
from the consideration of these errors^ for the combination of the results 
of observations. 
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Airy, G. B. — continued, 

UNDULATORY THEORY OF OPTICS. Designed for the Use of 
Students in the University. New Edition. Crown 8vo. cloth. 
6s, 6d, 

The undulatory theory of optics is presented to the reader as having the 
same claims to his attention as the theory of gravitation : namely^ that it is 
certainly true^ and that, by mathematical operations of general elegance^ it 
leads to results of great interest. This theory explains with accuracy a 
vast variety of phenomena of the most complicated kind. The plan of this 
trcut has been to include those phettomena only which admit of calculation , 
and the investigatioits are applied only to phenomena which actually have 
been observed, 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With the 
Mathematical Elements of Music. Designed for the Use of Students 
of the University. Crown 8vo. 9j. 
This volume consists of sectwns^ which again are divided into numbered 
articles, on the following topics : General recognition of the air as the 
medium which conveys sound; Properties of the air on which the forma- 
tion and transmission of sound depend ; Theory of undulations as applied 
to sound, dr'c, ; Investigation of the motion of a wave of air through the 
atfnosphere ; Transmission of waves of soniferous vibrations through dif- 
ferent gases, solids, and fluids ; Experiments on the velocity of sound, 
&^c, ; On musical sounds, and the manner of producing them ; On the 
elements of musical harmony and melody, and of simple musical composi- 
tion ; On instrumental music ; On the human organs of speech and 
hearing, 

Bayma. — THE ELEMENTS OF MOLECULAR MECHA- 
NICS. By Joseph Bayma, S. J., Professor of Philosophy, 
Stonyhurst College. Demy 8vo. cloth. lay. dd. 
Of the twelve Books into which the present treatise is divided, the first 
and second give the demonstration of the principles which bear directly on 
the constitution and the properties of matter. The next three books contain 
a series of theorems and of problems on the laws of motion of elementary 
substances. In the sixth and seventh, the mechanical constitution of molt" 
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cules is investigated and determimd : and by it the general properties of 
bodies are explained. The eighth book treats of luminiferous ather. The 
ninth explains some special properties of bodies. The tenth and eleventh 
contain a radical and lengthy investigation of chemical principles and 
relations^ which may lead to practical results of high importance. The 
twelfth and last book treats of molecular masses^ distances, and powers. 

Beasley.— AN ELEMENTARY TREATISE ON PLANE 
TRIGONOMETRY. With Examples. By R. D. Beasley, 
M. A., Head Master of Grantham Grammar School. Second 
Edition, revised and enlarged. Crown 8vo. cloth. 3J. 6</. 

This trecUise is specially intended for use in schools. The choice of matter 
has been chiefly guided by the requirements of the three days* examination 
at Cambridge. About four hundred examples have been added to this edition, 
mainly collected from th^ examination papers of the Ictst ten years. 

Boole. — Works by G. BOOLE, D.C.L., F.R.S., Professor of 
Mathematics in the Queen's University, Ireland. 

A TREATISE ON DIFFERENTIAL EQUATIONS. New and 
Revised Edition. Edited by I. Todhunter. Crown 8vo. cloth. 
14X. 
Professor Boole has endeavoured in this treatise to convey as complete an 
account of the present state of knowledge on the subject of Differential Equa- 
tions, as was consistent with the idea of a voork intended, primarily, for 
elementary instruction. The earlier sections of each chapter contain that 
kind of matter which has usually been thought suitable for the beginner, 
while the latter ones are devoted either to an ctccount of recent discovery, or 
tlie discussion of such deeper questions of principle as are likely to present 
themselves to the reflective student in connexion with the methods and 
processes of his previous course. 

A TREATISE ON DIFFERENTIAL EQUATIONS. Supple- 
mentary Volume. Edited by I. Todhunter. Crown 8vo. cloth. 
8j. (>d. 

This volume contains all that Professor Boole wrote for the purpose of 
enlarging his treatise on Differential Equations. 
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Boole, G., D.C.Lr. — continued, 

THE CALCULUS OF FINITE DIFFERENCES. Crown 8vo. 
cloth. lor. 6d» 

In this exposition of the Calculus of Finite Differences, particular attention 
has been paid to the connexion of its methods ivith those of the Differential 
Calculus — a connexion which in some instances involves far more than a 
merely formal analogy. The work is in some measure designed as a 
sequel to Professor Boolis Treatise on Differential Equations. 

CAMBRIDGE SENATE-HOUSE PROBLEMS AND RIDERS, 
WITH SOLUTIONS :— 
1848-1851.— PROBLEMS. By Ferrers and Jackson. 8vo. 

cloth. 15 J. 6</. 
1848-1851.— RIDERS. By Jameson. 8vo. cloth. *js.(>d, 
1854. — PROBLEMS AND RIDERS. By Walton a^nd 

Mackenzie. 8vo. cloth. loj. ^d. 

1857. — PROBLEMS AND RIDERS. By Campion and 
Walton. 8vo. cloth. %s, 6d, 

i860.— PROBLEMS AND RIDERS. By Watson and Routh. 
Crown 8vo. cloth, 'js, 6d, 

1864.— PROBLEMS AND RIDERS. By Walton and Wil- 
KINSON. 8vo. cloth. I Of. 6d. 

These volumes will be found of great value to Tmchers and Students^ as 
indicating the style and range of mathematical study in the University of 
Cambridge, 

CAMBRIDGE COURSE OF ELEMENTARY NATURAL 
PHILOSOPHY, for the Degree of B. A. Originally compiled by 
J. C. Snowball, M.A., late Fellow of St. John's College. 
Fifth Edition, revised and enlarged, and adapted for the Middle- 
Class Examinations by Thomas Lund, B.D., Late Fellow and 
Lecturer of St John's College, Editor of Wood's Algebra, &c. 
Crown 8vo. cloth. 5J. 
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This work will be found adapted to the wants, not only of University 
Students^ but also of many others who require a short course of Mechanics 
and Hydrostatics^ and especially of the candidates at our Middle Class 
Examinations, At the end of each chapter a series of ecuy questions is 
added for the exercise of the student, 

CAMBRIDGE AND DUBLIN MATHEMATICAL JOURNAL. 
The Complete Work, in Nine Vols. 8vo. cloth, 7/. 4?. 

Only a few copies remain on hand. Among Contributors to this 
work will be found Sir W. Thomson, Stokes, Adams, Boole, Sir IV. R. 
Hamilton, De Morgan, Cayley, Sylvester, Jellett, and other distinguished 
mathematicians, 

Candler.— HELP TO ARITHMETIC. Designed for the use of 
Schools. By H. Candler, M.A. Mathematical Master of 
Uppingham School. Extra fcap. 8vo. 2s, 6d, 

This work is intended as a companion to any text book that may be 
in use, 

Cheyne. — AN ELEMENTARY TREATISE ON THE 
PLANETARY THEORY. With a Collection of Problems. 
By C. H. H. Cheyne, M. A., F.R.A.S. Crown 8vo. cloth. 6j. dd. 

In this volume, an attempt has been made to produce a treatise on the 
Planetary theory, which, being elementary in character, should be so far 
complete, as to contain all that is usually required by students in the 
University of Cambridge, 

THE EARTH'S MOTION OF ROTATION. By C. H. H. 
Cheyne, M.A,, F.R. A. S. Crown 8vo. y, 6d, 

The first part of this work consists of an application of the method of the 
variation of elements to thegenercd problem of rotation. In the second 
part the general rotation formula <»re applied to the particular case of 
the earth. 
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Childe.— THE SINGULAR PROPERTIES OF THE ELLIP- 
SOID AND ASSOCIATED SURFACES OF THE Nth 
DEGREE. By the Rev. G. F. Childe, M.A., Author of 
•' Ray Surfaces," " Rfelated Caustics," &c. 8vo. loj. 6d. 

The object of this volume is to develop peculiarities in the Ellipsoid ; 
and, further, to establish analogous properties in the unlimited congeneric 
series of which this remarkable surface is a constituent, 

Christie. — a COLLECTION OF ELEMENTARY TEST- 
QUESTIONS IN PURE AND MIXED MATHEMATICS ; 
with Answers and Appendices on Synthetic Division, and on the 
Solution of Numerical Equations by Homer's Method. By James 
R. Christie, F.R.S., late First Mathematical Master at the 
Royal Military. Academy, Woolwich. Crown 8vo. cloth. &r. 6</. 

77ie series of Mathematical exercises here offered to the public is collected 
from those which the author has, from time to time, proposed for solution 
by his pupils during a long career at the Royal Military Acctdemy. A 
student who finds that he is able to solve the larger portion of these exercises, 
may consider that he is thoroughly well grounded in the elementary prin* 
ciples of pure and mixed Mathematics, 

Dalton. — ARITHMETICAL EXAMPLES. Progressively 
arranged, with Exercises and Examination Papers. By the Rev 
T. Dalton, M.A., Assistant Master of Eton College. i8mo 
cloth. 2s, 6d. 

Answers to the Examples are appended. 

Day.— PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY. PART L, THE ELLIPSE, with 
Problems. By the Rev. H. G. Day, M.A., Head Master of 
Sedburgh Grammar SchooL Crown 8vo. 3J'. 6d, 

The object of this book is the introduction of a treatment of Conic 
Sections which should be simple and natural, and lead by an easy transi- 
tion to the analytical methods, tvithout departing from the strict geometry 
of Euclid, 
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DodgSOn.— AN ELEMENTARY TREATISE ON DETER- 
MINANTS, with their Application to Simultaneous Linear 
Equations and Algebraical Geometry. By Charles L. Dodgson, 
M.A., Student and Mathematical Lecturer of Christ Church, 
Oxford. Small 4to. cloth. lor. 6^. 

The object of the author U to present the subject as a continuous chain of 
argument^ separated from all accessories of explanation or illustration. 
All such explanation and illustration as seemed necessary for a beginner 
are introduced either in the form of foot-notes^ or, where that would have 
occupied too much room, of Appendices, 

Drew.— GEOMETRICAL TREATISE ON CONIC SEC- 
TIONS. By W. H. Drew, M. A., St. John's College, Cambridge. 
Fourth Edition. Crown 8vo. doth. 4f. 6d. 

In this work the subject of Conic Sections has been placed before the student 
in such a form thcU, it is hoped, after mastering the elements of Euclid^ he 
may find it an easy and interesting continuation of his geometrical studies^ 
With a view, also, of rendering the work a complete manual of what is 
required at the Universities, there have either been embodied into the text or 
insert^ among the examples, every book-work question, problem, and rider, 
which has been proposed in the Cambridge examinations up to the present 
time. 

SOLUTIONS TO THE PROBLEMS IN DREW'S COmC 
SECTIONS. Crown 8vo. cloth. 41. 6^. 

Edgar (J. H.)— NOTE-BOOK ON practical SOLID 
GEOMETRY. Containing Problems with help for Solutions. By 
J. H. Edgar, M.A. Lecturer on Mechanical Drawing at the 
Royal School of Mines. 4to. 2^. 

In teaching a large class, if the method of lecturing an4 demonstrating 
from the black board only is pursued, the more intelligent students have 
generally to be kept back, from the necessity of frequent repetition, for the 
sake of the less promising ; if the plan of setting problems to each pupil is 
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adopted^ the teacher finds a difficulty in giving ta each sufficient attention, 
A judicious combination of both methods is doubtless the best ; and it is 
hoped that this result may be arrived at in some degree by the use of this 
book, which is simply a collection of examples^ with helps for solution, 
arranged in progressive sectiofts, 

Ferrers. — an elementary treatise on triune ar 

CO-ORDINATES, the Method of Reciprocal Polars, and the 
Theory of Projectors. By the Rev. N. M. Ferrers, M. A., Fellow 
and Tutor of Gonville and Caius College, Cambridge. Second 
Edition. Crown 8vo. 6j'. 6d. 

The object of the author in writing on this subject has mainly been to 
place it on a basis altogether independent of the ordinary Cartesian system, 
instead of regarding it as only a special form of Abridged Notation, 
A short chapter on Determinants has been introducai. 

Frost.— THE FIRST THREE SECTIONS OF NEWTON'S 
PRINCIPIA. With Notes and Illustrations. Also a collection ot 
Problems, principally intended as Examples of Newton's Methods. 
By Percival Frost^ M.A., late Fellow of St. John's College, 
Mathematical Lecturer of King's College, Cambridge. Second 
Edition. 8vo. cloth, icxr. 6^. 

The author^ s principal intention is to explain difficulties which may be 
encountered by the student on first reading the Principia, and to illustrate 
the advantages of a careful study of the methods employed by Neivton, by 
showing the extent to which they may be applied in the solution of problems ; 
he has also endeavoured to give assistance to the studefit who is engaged in 
the study of the higher branches of mathematics, by representing in a 
geometrical form several of the processes employed in the Differential and 
Integral Calculus, and in the analytical investigations oj Dynamics, 

Frost and Wolstenholme.— a treatise ON SOLID 

GEOMETRY. By Percival Frost, M.A., and the Rev. J. 
Wolstenholme, M.A., Fellow and Assistant Tutor of Christ's 
College. 8vo. clotb. i&r. 
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T%e authors have endeavoured to present before students as comprehensive 
a view of the stdject as possible. Intending to make the subject accessible^ 
at least in the earlier portion^, to all classes of students , they have endea- 
voured to explain completely all the processes which are most useful in 
dealing with ordinary theorems and problems^ thus directing the student 
to the selection of methods which are best adapted to the exigencies of each 
problem. In the more difficult portions of the subject^ they have considered 
themselves to be culdressing a higher class of students ; and they have there 
tried to lay a good foundation on which to buildy if any reader should 
wish to pursue the science beyond the limits to which the work extends* 



Godfray.— A TREATISE ON ASTRONOMY, for the Use of 
Colleges and Schools. By Hugh Godfray, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge. 8vo. cloth. 12s, 6d 

This book embraces ail those branches of Astronomy which have^ from 
time to timcy been recommended by the Cambridge Board of MathemcLticcU 
Studies : but by far the larger and easier portion^ adapted to the first three 
days of the Examination for Honours^ may be read by the more 
advanced pupils in many of our schools. The author's aim has been to 
convey clear and distinct ideas of the celestial phenomena. 



AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 
with a Brief Sketch of the Problem up to the time of Newton. 
By Hugh Godfray, M.A. Second Edition, revised. Crown 
8vo. cloth. 5j. 6d, 

These pages will, it is hoped^ form an introduction to more recondite 
works. Difficulties have been discussed at considerable length. The 
selection of the method followed with regard to analytical solutions, 
which is the same cu that of Airy, Herschel, ^c, was made on CLccount 
of its simplicity ; it is, moreover^ the method which has obtained in the 
University of Cambridge, 
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Hcmming.^AN elementary treatise on the 

DIFFERENTIAL AND INTEGRAL CALCULUS, for the 
Use of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St. John's College, Cambridge. Second Edition, with 
Corrections and Additions. 8vo. cloth. 9^. 



Jones and Cheyne. — ALGEBRAICAL EXERCISES, Pro- 
gressively arranged. By the Rev. C. A. Jones, M. A., and C. H. 
Cheyne, M. A. , F. R. A. S. , Mathematical Masters of Westminster 
School. New Edition. i8mo. cloth. 2s. 6d. 

TTiis little book is intended to meet a difficulty which is probcAly felt more 
9r less by all engaged in teaching Algebra to beginners. It is^ thai while 
new ideas are being ctcquired^ old ones are forgotten. In the belief that 
constant practice is the only remedy for this, the present series of miscel- 
laneous exercises has been prepared. Their peculiarity consists in this^ 
that though miscellaneous they are yet progressive, and may be used by 
the pupil almost from the commencement of his studies. They are not 
intend^ to supersede the systematically arranged examples to be found in 
tirdinary treatises on Algebra, but rather to supplement them. 

The book being inteftded chiefly for Schools and Junior Students, the 
higher parts of Algebra have not been included. 



Kitchener.— A GEOMETRICAL NOTE-BOOK, containing 
Easy Problems in Geometrical Drawing preparatory to the Study 
of Geometry. For the Use of Schools. By F. E. Kitchener, 
M. A., Mathematical Master at Rugby. 4to. zs. 

It is the object of this book to make someway in ovsrcoming the difficulties 
of Geometrical conception, before the mind is called to the attack of 
Geometrical theorems, A fern simple methods of construction are given ; 
and space is Irft on each page, in order that the learner may draw in the 
figures* 
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Morgan.— A collection of problems and exam- 
ples IN MATHEMATICS. With Answers. By H. A. 
Morgan, M.A., Sadlerian and Mathematical Lecturer of Jesus 
College, Cambridge. Crown 8vo. cloth. 6j. 6d, 

This book contains a number of problems^ chiefly elementary, in the 
Mathematical sttbjects usually read at Cambridge. They have been 
selected from the papers set during late years at Jesus College, Very few 
of them are to be met with in other collections, and by far the larger 
number are due to some of the most distinguished Mathematicians in the 
University, 

Parkinson. — Works by S. Parkinson, B.D., Fellow and Prae- 
lector of St John's College, Cambridge. 

AN ELEMENTARY TREATISE ON MECHANICS. For the 
Use of the Junior Classes at the University and the Higher Classes 
in Schools. With a Collection of Examples* Fourth edition, revised. 
Crown 8vo. cloth. 9j. dd. 

In preparing a fourth edition of this work the author has kept the same 
object in view as he had in the former editions — namely, to include in it 
such portions of Theoretical Mechanics as can be conveniently investigated 
without the use of the DifferenticU Calculus, and so render it suitable cts 
a manual for the pinior classes in the University and the higher classes 
in Schools, With one or two short exceptions, the student is not presumed 
to require a knowledge of any branches of Maihemcitics beyond the elements 
of Algebra, Geometry, and Trigonometry, Severed additional propositions 
have been incorporated in the work for the purpose of rendering it more 
complete; and the collection of Examples and Problems has been largely 
increased, 

A TREATISE ON OPTICS. Second Edition, revised. Crown 8vo 
cloth. lor. dd, 

A collection of examples and problems has been appended to this work^ 
which are sufficiently numerous and varied in character to afford useful 
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exercise for the student. For the greater pari of them, recourse has been 
had to the Examination Papers set in the University and the several 
Colleges during the last twenty years, 

Phear.— ELEMENTARY HYDROSTATICS. With Numerous 
Examples. By J. B. Phear, M.A., Fellow and late Assistant 
Tutor of Clare College, Camljridge. Eourth Edition. Crown 
8vo. cloth. 5^. ^d. 

This edition hcu been carefully revised throughouty and many new 
illustraiions and examples added, which it is hoped will increase its 
usefulness to students cU the Universities and in Schools, In accordance 
with suggestions from many engaged in tuition, answers to all the 
Examples have been given at the end of the book, 

Pratt.— A TREATISE ON ATTRACTIONS, LAPLACE'S 
FUNCTIONS, AND THE FIGURE OF THE EARTH. 
By John H. Pratt, M.A., Archdeacon of Calcutta, Author of 
"The Mathematical Principles of Mechanical Philosophy. " Third 
Edition. Crown 8vo. cloth, dr. dd. 

The author^ s chief design in this treatise is to give an answer to the. 
question, " Has the Earth acquired its present form from being originally 
in a fluid state 7^ This Edition is a complete revision of the former ones, 

PucMe.— AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With Numerous 
Examples and Hints for their Solution ; especially designed for the 
Use of Beginners. By G. H. Puckle, M.A., Head Master of 
Windermere College. Third Edition, revised and enlarged. Crown 
8vo. cloth. 7J. 6^. 

This work has been completely rewritten, and a large amount of new 
matter has been added to suit the requirements of the present time. The 
author has written with special reference to those difficulties and mis- 
apprehensions which are found most common to beginners. The treatise is 
complete as far as regards Cartesian Co-ordinates, 
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Rawlinson.— ELEMENTARY STATICS, by the Rev. George 
Rawlinson, M. a. Edited by the Rev. Edward Sturges, M. A. , 
of Emmanuel' College," Cambridge, and late Professor of the Applied 
Sciences, Elphinstone College, Bombay. Crown 8vo. cloth. 4f. (>d. 

. Published under the authority of Her Majesty's Secretary of State for 
Indioy for use in the Government Schools cmd Colleges in India, 

Reynolds.—MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Reynolds, M.A., Mathematica 
Master in Clifton College. Crown 8vo. y, 6d, 

Geometry has received extensive developments in modern times, but in 
England there has been no corresponding improvement in elementary 
teaching, 

Routh.— AN ELEMENTARY TREATISE ON THE DYNA- 
MICS OF THE SYSTEM OF RIGID BODIES. With 
Numerous Examples. By Edward John Routh, M.A., late 
Fellow and Assistant Tutor of St. Peter's College, Cambridge; 
Examiner in the University of London. Second Edition, enlarged. 
Crown 8vo. cloth. I4r. 

In this edition the author has made several cuiditions to each chapter. 
He has trial, even at the risk of some little repetition, to make each 
chapter, as far as possible, complete in itself, so that all that relates to any 
one part of the subiect may be found in the same place. This arrangement 
will enable every student to select his own order in which to read the 
subject. The Examples which will be found at the end of each chapter 
have been chiefly selected from the Examination Papers which have been 
set in the University and the Colleges in the last few years. 

Smith (Barnard),— Works by BARNARD smith, M.A., 

Rector of Glaston, Rutlandshire, late Fellow and Senior Bursar 
of St. Peter's College, Cambridge. 
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Smith (Barnard) — continued. 

ARITHMETIC AND ALGEBRA, in their Principles and Applica- 
tion ; with numerous systematically arranged Examples taken from 
the Cambridge Examination Papers, with especial reference to the 
Ordinary Examination for the B.A. Degree. Tenth Edition, 
Crown 8vo. cloth, los* M. 

This mantud is now extensively used in Schools and Colleges, both in 
England and in the Colonies, It has also been found of great service for 
students preparing for the Middle Clcus and Civil and Military Service 
Examinations, from the care theU has been taken to ducidaU the principles 
of cUl the rules. The present edition has been carefully revised. " To 
all those whose minds are sufficietitly developed to comprehend the simplest 
mathetnaticdl reasoning, and who have not yet thoroughly mastered the 
principles of Arithmetic and Algebrcty it is calculated to be of grecU 
advantage, " — ATHEN-fiUM. 

Of this work, also, one of the highest possible authorities, the late Dean 
Peacock, writes: ** Mr, Smith's work is a most useful publication. The 
rules are stated with great clearness. The examples are wdl selected, and 
worked out with just sufficient detail, without being encumbered by too 
minute explafuUions ; and there prevails throughout it tkcU just proportion 
of theory and practice, which is the crowning excellence of an elementary 
work," 



ARITHMETIC FOR SCHOOLS* New Edition. Crown 8vo. 
cloth. 4r. 6d, 

Adapted from the author^ s work on ** Arithmetic and Algebra,^* by the 
omission of the algebraic portion, and by the introduction of new exercises. 
The reason of each arithmetical process is fully exhibited. The system of 
Decimal Coinage is explained;, and' answers to the exercises are appended 
at the end. This Arithmetic is- characterised as " admirably adapted for 
instruction, combining just sufficient theory with a large and wdl-sdected 
collection of exercises for practice,''^ — JOURNAL OF Education. 



MATHEMATICS, 25 

Smith (Barnard) — continued, 

COMPANION TO ARITHMETIC FOR SCHOOLS. 

[Preparing, 

A KEY TO THE ARITHMETIC FOR SCHOOLS. Seventh 
Edition. Crown 8vo. cloth. %s, 6d, 

EXERCISES IN ARITHMETIC. With Answers. Crown 8vo. limp 
cloth. 2x. 6d. ' 

Or sold separately, Part L i^. ; Part II. is, ; Answers, 6d, 

These Exercises have been published in order to give the pupil examples 
in every rule of Arithmetic, The greater number have been carefully 
compiled from the latest University, and School Examination Papers, 



SCHOOL CLASS-BOOK OF ARITHMETIC. i8mo. cloth, y. 
Or sold separately,. Parts I. and II. iom£ each ; Part III. \s. 

This manual^ published ai the request of many schoolmasters, and 
chiefly intended for National and Elementary Schools, has been preparea 
on the same plan cls that adopted in the authof^s School Arithmetic, which 
is in extensive circulation in England and abroad. Hie Metrical Tables 
have been introduced, from the conviction on the part of the author, that 
the knowledge of such tables, and the mode oj applying, them, wUl be Oj 
great use to the risings generation, 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC. Com- 
plete in one Tolume, i8mo. doth, dr. 6^. ; or Parts L II. and III. 
zs, 6d, each. 



SHILLING BOOK OF ARITHMETIC FOR NATIONAL AND 
ELEMENTARY SCHOOLS. i8mo. cloth. Or separately, 
Part I. 2d, ; Part 11. 3^. ; Part III. yd. Answers, 6d, 
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Smith (Barnard) — continued, 

THE SAME, with Answers complete. i8mo. cloth, is, 6d, 

This Shilling Book of Arithmetic has been prepared for the use of 
National and other schools at the urgent request of numerous metiers of 
schools both at home and abroad. The Explanations of the Rules, and 
the Examples will, it is hoped, be found suited to the most elementary 
clctsses, 

KEY TO SHILLING BOOK OF ARITHMETIC. iSmo. cloth. 
4.r. 6d, 

EXAMINATION PATEHS IN ARITHMETIC. i8mo. cloth. 
IX. 6d, The same, with Answers, i8mo. is.^d. 

The object of these Examination Papers is to test students both in the 
theory and practice of Arithmetic. It is hoped that the method cuf opted 
will lead students to deduce results from general principles rather than 
to apply stated rules. The author believes that the practice of giving 
examples under particular rules makes the working of Arithmetic quite 
mechanical, and tends to throw all but very clever boys off their bcUance 
when a general paper on the subject is put before them, 

KEY TO EXAMINATION PAPERS IN ARITHMETIC. 
iSmo. cloth. 4r. 6^. 

Snowball. — THE ELEMENTS OF PLANE AND SPHERI- 
CAL TRIGONOMETRY ; with the Construction and Use ot 
Tables of Logarithms. By J. C. Snowball, M.A. Tenth Edition. 
Crown Svo. cloth. 7j. 6flf. 

In preparing the present edition for the press, the text hcts been 
subject&i to a careful revision ; the proofs of some of the more impor- 
tant propositions have been rendered more strict and general; and a 
considerable addition of more than two hundred examples^ taken princi" 
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• pally from the questions set of late years in the public examinations of the 
University and of individual Colleges^ has been made to the collection of 
Examples and Problems for practice. 



Tait and Steele.— dynamics of a particle. With 

numerous Examples. By Professor Tait and Mr. Steele. New 
Edition. Crown 8vo. cloth. lar. 6d, 

Jn this treatise will be found all the ordinary propositions, connected 
with the Dynamics of Particles, which tan be conveniently deduced without 
the use of D^Alembert^s Principle, Throughout the boo^ will be found a 
number of illustrative examples introduced in the text, and for the most 
part completely worked out ; others with occasional solutions or hints to 
assist the student are appended to each chapter. For by far the greater 
portion of these, the Cambridge Semtie'House and College Examination 
Papers have^een applied to. 



Taylor.— GEOMETRICAL CONICS; including Anharmonic 
Ratio and Projection, with numerous Examples. By C. Taylor, 
B. A., Scholar of St. John's College, Cambridge. Crown 8vo. cloth. 
7j. 6d. 

This work contains elementary proofs of the principal properties 0/ Conic 
Sections, together with chapters on Projection and Anharmonic Ratio. 



Tebay.— ELEMENTARY MENSURATION FOR SCHOOLS. 
With numerous Examples. By Septimus Tebay, B.A., Head 
Master of Queen Elizabeth's Grammar School, Rivington. Extra 
fcap. 8vo. 3^. 6d, 

The object of the present w&rk is to enable boys to acquire a moderate 
knowledge of Mensuration in a reasonable time. All difficult and useless 
matter has been avoided. The examples for the most part are easy, and 
the rules are concise^ 
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Todhunter.— Works by I. TODHUNTER, M.A., F.R.S., 
of St Jolin*s College, Cambridge. 

THE ELEMENTS OF EUCLID. For the Use of Colleges and 
Schools. New Edition. i8nio. cloth. y,pd. 

As the elements of Euclid are usually placed in the hands of young 
students^ it is important to exhibit the work in such a form as will assist 
them in overcoming the difficulties which they experience on their first in- 
troduction to processes of continuous argument. No- method appears to be 
so useful as that of breaking up the demonstrations into their constituent 
parts ; a plan strongly recommended by Professor De Morgan, In the 
present Edition each distinct assertion in' the argument begins a new line : 
and at the ends of the lines are placed the necessary references to the 
preceding principles on which the assertions depends The longer proposi- 
tions are distributed into subordinate pcwis^ which are distinguished by 
breaks at the beginning of the lines, Notes^ appendix, and a collection of 
exercises are added, 

MENSURATION FOR BEGINNERS. With. Numerous Examples. 
i8mo. cloth. 2J. dd. 

The subjects ifuluded in the present work are those which have usually 
found a place in Elementary Treatises on Mensuration. The mode of 
treatment hcts been determined by the fact that the work is intended for the 
use of beginners. Accordingly it is divided into short independent chapters, 
which are followed by appropriate examples. A knowledge of the elements 
of Arithmetic is all that is assumed; and in connexion with most of the 
Rules of Mensuration it has been found practicable to give such explana- 
tions and illustrations as will supply the place of formal mathematical 
demonstrations, which would have been unsuitable to the character of the 
work. 

ALGEBRA FOR BEGINNERS. With numerous Examples. New 
Edition. i8mo. cloth. 2s. 6di 

Great pains have been taken to render this work intelligible to young 
students, by the use of simple language and by copious explanations. In 
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Todhunter (I.) — continued. 

determining the subjects to be included and the space to be assigned to each^ 
the Author has been guided by the papers given at the various examinations 
in elementary Algebra which are now carried on in this country. The 
book may be said to consist of three parts. The first part contains ths 
elementary operations in integral and fractional expressions ; the second 
the solution of equations and problems ; the third treats of various subjects 
which are introduced but rarely into examination papers^ and are more 
briefly discussed. Provision has at the same time bom made for the 
introduction of easy equations and problems at an early stage — for those 
who prefer such a course. 

KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. cloth. 

TRIGONOMETRY FOR BEGINNERS. With numerous Examples 
New Edition. i8mo. cloth, is, 6 J, 

Intended to serve as an introduction to the larger treatise on Plane 
Trigonometry, published by the Author, The same plan has been adopted 
as in the Algebra for Beginners : the subject is discussed in short chapters, 
and a collection of examples is attached to each chapter. The first fourteen 
chapters J>resent the geometrical part of Plane Trigonometry; and contain 
all that is necessary for practical purposes. The range of matter included 
is such as seems required by the various examinations in elementary Tri' 
gonometry which are now carried on in the country, A nswers are appended 
at the end. 

MECHANICS FOR BEGINNERS. With numerous Examples. 
i8mo. cloth. 4r. dd. 

Intended as a companion to the two preceding books. The work forms 
an elementary treatise on demonstrcUvve mechanics. It may be true that 
this part of mixed mathematics has been sometimes made too abstract and 
speculative; but it can hardly be doubted that a knowledge of the elements 
at least of the theory of the subiect is extremely valuable even for those 
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Todhunter (I.) — amtinued. 

who are mainly concerned with practical results. The Author has cucord- 
ingly endeavoured to provide a suitable introduction to the study of applied 
as well as of theoretical mechanics. The work consists of two parts, 
namely i Statics and Dynamics. It will be found' to contain all that is 
usually comprised in elementary treatises on Mtchanics, together with some 
additions. 



ALGEBRA. For the Use of Colleges and Schools. Fourth Edition. 
Crown 8vo. cloth. 7j. ^d. 

This work contains all the propositions which are usually included in 
elementary treatises on Algdfra,. and a large number of Examples for 
Exercise. The author has sought to render the work easily intelligible to 
students, without impairing the accuracy of the demonstrations, or con- 
tracting the limits of the subject. The Examples, about Sixteen hundred 
and fifty in number, have been selected with a view to illustrate every pari 
of the subject. Eaxh chapter is complete in itself; and the work will be 
found peculiarly adapts to the wattts of students who are without the aid 
of a teacher. The Answers to the examples, with hints for the solution of 
some in which assistance may be needed, ar^gwen at the end of the book, 

AN ELEMENTARY TREATISE ON THE THEORY OF 
EQUATIONS. Second Edition, revised. Crown 8vo. cloth. 
7j. 6^. 

This treatise contains all the propositions which are usually included 
in elementary treatises on the theory of Equations, together with Examples 
for exercise. These have been selected from the College and University 
Examinatipn Papers, and the results have been given when it appeared 
necessary. In order to exhibit a comprehensive view of the subject, the 
treatise includes investigations which are not found in all the preceding 
elementary treatises, and also some investigations which are not to be found 
in any of them. For the second edition the work has been revised and 
some cuiditions have been made, the most important being an account of 
the researches of Professor Sylvester respecting Newtotfs Rule 



MATHEMATICS. 31 



Todhunter (I.) — continued, 

PLANE TRIGONOMETRY. For Schools and CoUeges. Fourth 
Edition. Crown 8vo. cloth. 5^. 

The design oj this work has been to render the subject intelligible to 
beginners^ and at the same time to afford the student the opportunity of 
obtaining all the information which he will require on this branch of 
Mathematics, Each chapter is follow^ by a set of Examples : those 
which are entitled Miscellaneous Examples, together with a few in some 
of the other sets, may be advantageously reserved by the student for exercise 
after he has made some progress in the subject. In the Second Edition 
the hints for the solution of the Examples have been considerably increased, 

A TREATISE ON SPHERECAL TRIGONOMETRY. Second 
Edition, enlarged. Crown 8vo. cloth. 4f. 6d, 

The present work is constructed on the same plan as the treatise on 
Plane Trigonometry , to which it is intended as a sequel. In the account 
of Napier's Rules of Circular Parts, an explanation has been given of a 
method of proof deifised by Napier, which seems to have been overlooked 
by most modem writers on the stdject. Considerable labour has been 
bestowed on the text in order to rettder it comprehefistve and accterate, and 
the Examples {selected chiefly from College Examination Papers) have 
all been carefully verified, 

PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 
Line and the Conic Sections. With numerous Examples. Fourth 
Edition, revised and enlai^ed. Crown 8vo. cloth. 7^. 6^ 

The Author has here endeavoured to exhibit the subject in a simple 
manner for the benefit of beginners, and at the same time to include in one 
volume all that students usually require. In addition, therefore, to the 
propositions which have always appeared in such treatises, he has intro- 
duced the methods of abridged notation, which are of more recent origin ; 
these methods, which are of a less elementary character than the rest of the 
work, are placed in separate chapters, and may be omitted by the student 
at first. 
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Todhunter (I.) — continued. 

A TREATISE ON THE DIFFERENTIAL CALCULUS. Witk 
numerous Examples. Fourth Edition. Crown Svo. clotb. lor. dd. 

The Author has endeavoured in the present work to exhibit a compre- 
hensvoe view of the Differential Calculus on the method of limits. In the 
m^fre dementary portions he has entered into considerable detail in the 
explanations^ with the hope that a reader who is ^without the assistance of a 
tutor may be enabled to acquire a competent cicquaintance with the subject. 
The method adopted is that of Differential Coefficients, To the different 
chapters are appended examples sufficiently numerous to render another 
book unnecessary ; these examples being mostly ^selected from College Ex- 
amination Papers, 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous Examples. Third Edition, 
revised and enlarged. Crown 8vo. cloth. lar. 6a, 

This is designed as a Ttfork at onee elementary and complete^ adapted 
for the use of beginners^ and sufficient for the wants of advanced students. 
In the selection of the propositions, and in the mode of establishing them, 
it has been sought to exhibit the principles clearly, and to illustrate 
all their most important results. The process of summation has been 
repecUedly brought forward, with the view of securing the attention of 
the student to the notions which form the true foundation of the Calculus 
itself, as well as of its most valuable applications. Every attempt has been 
mcLde to explain those difficulties which usuatiy perplex beginners, especially 
with reference to the limits of integrations, A new method has been adopted 
in regard to the transformation of multiple integrals. The last chapter 
deals with the Calculus of Variations, A large collection of exercises, 
selected from College Examination Papers, has been appended to the several 
chapters, 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. Second Edition, revised. Crown Svo. cloth. 4J. 
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Todhunter (I.) — continued. 

A TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. Third Edition, revised and enlarged. Crown 8vo. 
cloth, icxr. 6d, 

In this work on statics (treating of the laws of the equilibrium of Mies) 
will be found all the propositions which usually appear in treatises on 
Theoretical Statics, To the different chapters examples are appended^ 
which have been principally select^ from University Examination Papers. 
In the Third Edition many additions have been made, in order to illus- 
trate the application of the principles of the subject to the solution of 
problems. 



Wilson, J. M. — ELEMENTARY GEOMETRY. Angles, 
Parallels, Triangles, and Equivalent Figures, the Circle and Pro- 
portion. By J. M. Wilson, M.A., Fellow of St. John's 
College, Cambridge, and Mathematical Master in Rugby School. 
Second Edition. Extra fcap. 8vo. 3J". dd. 

The distinctive features of this work are intended to be the following. 
The classification of Theorems according to their subjects ; the separation 
of Theorems and Problems ; the use oj hypothetical constructions ; the 
adoption of independent proofs where they are possible and simple ; the 
introduction of the /^wj locus, projection, &c. ; the importance given to 
the notion of direction as the property of a straight line ; the intermixing 
of exercises, classified according to the methods adopted for their solution ; 
the diminution of the number of Theorems; the compression of proofs, 
especially in the later parts of the book ; the tacit, instead of the explicit, 
reference to axioms ; and the treatment of parallels. 



ELEMENTARY GEOMETRY. PART II. (separately). The 
Circle and Proportion. By J. M. Wilson, M.A. Extra fcap. 
8vo. 2J. 6i^ 

C 
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Wilson (W. P.) — A TREATISE ON DYNAMICS. By 
W. P. Wilson, M. A., Fellow of St. John's College, Cambridge, 
and Professor of Mathematics in Queen's College, Belfast. 8vo. 

Wolstenholme.— A BOOK OF mathematical 

PROBLEMS, on Subjects included in the Cambridge Course. 
By Joseph Wolstenholme, Fellow of Christ's College, some- 
time Fellow of St. John's College, and lately Lecturer in Mathe- 
matics at Christ's College. Crown 8vo. cloth. Sj'. 6d, 

Contents: — Geometry {Euclid) — Algebra — Plane Trigonometry — 
Geometrical Conic Sections — Analytical Conic Sections — Theory of Equa- 
tions — Differential Calculus — Integral Calculus — Solid Geometry — Statics 
—Elementary Dynamics — Newton — Dynamics of a Point — Dynamics of 
a Rigid Body — Hydrostatics — Geometrical Optics — Spherical Tri^nomctry 
and Plane Astronomy, 
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SCIENCE. 

The importance of Science as an element of sound educa- 
tion is now generally acknowledged ; and accordingly it 
is obtaining a prominent place in the ordinary course of 
school instruction. It is the intention of the Publishers to 
produce a complete series of Scientific Manuals, affording 
full and accurate elementary information, conveyed in clear 
and lucid English. The authors are well known as among 
the foremost men of their several departments \ and their 
names form a ready guarantee for the high character of the 
books. Subjoined is a list of those, manuals that have 
already appeared, with a short account of each. Others 
are in active preparation ; and the whole will constitute a 
standard seriefe specially adapted to the requirements of be- 
ginners, whether for private study or for school instruction. 

ASTRONOMY, by the Astronomer Royal. 

POPULAR ASTRONOMY. With Illustrations. By G. B. 
Airy, Astronomer Royal. Sixth and cheaper Edition. i8mo. 
cloth. 4^. (id. 

This work consists of six lectures^ which are intended " to explain to 
intelU^cnt persons the principles on which the instruments of an Observa- 
tory are constructed {omitting all details^ so far as they are merely suk- 

C 2 
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sidiary), and the principles an which the observations made with these 
instruments are treated for deduction of the distances and weights of the 
bodies of the Solar System^ and of a few stars, omitting all minuiia of 
formula, and all troublesome details of calculation. " The speciality of this 
volume is the direct reference of every step to the ObservcUory, and the full 
description of the mdhods and instruments of observation, 

ASTRONOMY, 

MR. LOCKYER'S ELEMENTARY LESSONS IN ASTRO- 
NOMY. With Coloured Diagram of the Spectra of the Sun, 
Stars, and Nebulae, and numerous Illustrations. By J. Norman 
LOCKYER, F.R.A.S. Fourth Thousand. i8mo. ^. 6d. 

The author has here aimed to give a connected view of the whole subject, 
and to supply facts, and ideas founded on the facts, to serve as a basis for 
subsequent study and discussion. The chapters treat of the Stars and 
NebuUe; the Sun; the Solar System; Apparent Movements of the Heavenly 
Bodies; the Measurement of Time; Light; the Telescope and Spectroscope; 
Apparent Places of the Heavenly Bodies; the Real Distances and Dimen- 
sions; Universal Gravitation. The most recent astronomical discoveries 
are incorporated. Mr. Z^ckyet's work supplements that of the Astronomer 
Royal mentioned in the previous article. 

PHYSIOLOGY, 

PROFESSOR HUXLEY'S LESSONS IN ELEMENTARY 
PHYSIOLOGY. With numerous lUustrations. By T. H, 
Huxley, F.R.S. Professor of Natural History in the Royal School 
of Mines. Twelfth Thousand. i8mo. doth. 4^. 6d. 

This book describes and explains, in a series of graduated lessons, the 
principles of Human Physiology ; or the Structure and Functions of the 
Human Body. The first lesson supplies a general view of the subject. 
This is followed by sections on the Vascular or Veinous System, and the 
Circulation ; the Blood and the Lymph ; Respiration ; Sources of Loss 
and of GcUn to the Blood; the Function of Alimentation ; Motion and 
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Locomotion; Sensations and Sensory Organs; the Organ of Sight ; the 
Coalescence of Sensations with one another and with other States of Con- 
sciotisness ; the Nervous System and Innervation: Histology ^ or the 
Minute Structure of the Tissues. A Table of Anatomical and Physio- 
logical Constants is appended. The lessons are fully illustrated by 
numerous engravings. The manual is primarily intended to serve as a 
text-book for teachers and learners in boyi and girls* schools. 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR SCHOOLS. 
By T. Alcock, M.D. i8mo. is. (>d. 

These Questions were drawtt up as aids to the instruction of a class of 
young people in Physiology. 

BOTANY. 

PROFESSOR OLIVER'S LESSONS IN ELEMENTARY 
BOTANY. With nearly Two Hundred Illustrations, By Daniel 
Oliver, F.R.S., F.L.S. Seventh Thousand. i8mo. cloth, 4r. 6d. 

This book is designed to teach the Elements of Botany on Professor 
Henslow^s plan of selected Types and by the use of Schedules. The earlier 
chapters, embracing the elements of Structural and Physiological Botany , 
introduce us to the methodical study of the Ordinal Types. The con- 
cluding chapters are entitled, *^ Hoiv to dry Plants" and ** How to 
describe Plants." A valuable Glossary is appended to the volume. In 
the preparation of this work free use has been made of the manuscript 
materials of the late Professor Henslow. 

Oliver (Professor). —FIRST BOOK OF INDIAN BOTANY. 
By Daniel Oliver, F.R.S., F.L.S., Keeper of the Herbarium 
and Library of the Royal Gardens, Kew, and Professor of Botany 
in University College, London. With numerous Illustrations. 
Extra fcap. 8vo. (>s. 6d. 

This manual is, in substance, the author* s "Lessons in Elementary 
Botany," culaptedfor use in India. In preparing it he has had in vieiv 
the want, often felt, of some handy risumi qf Indian Botany, which might 
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he serviceable not only to residents of India, but also to any one about /b 
proceed thither , desirous of getting some preliminary idea of the Botany of 
that country, 

CHEMISTRY. 

PROFESSOR ROSCOFS LESSONS IN ELEMENTARY 
CHEMISTRY, INORGANIC AND ORGANIC. By Henry 
E. RoscoE, F.R.S., Professor of Chemistry in Owens College, 
Manchester. With numerous Illustrations and Chromo-Litho. of 
the Solar Spectrum, and of the Alkalies and Alkaline Earths, 
Nro) Edition, Twenty-first Thousand. i8mo. cloth. 4J. 6^. 

// has been the endeavour of the author to arrange the most important 
fctcts and principles of Modem Chemistry in a plain but concise and 
scientific form, suited to the present requirements of elementary instruction. 
For the purpose of facilitating the attainment of exactitude in the knowledge 
of the subject, a series of exercises and questions upon the lessons have been 
added. The metric system of weights and measures, and the centigrade 
thermometric scale, are used throughout the work. The neiu Edition, 
besides new wood-cuts, contains many additions and improvements, and 
includes the most important of the latest discoveries. 
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MISCELLANEOUS. 



Abbott. — A SHAKESPEARIAN GRAMMAR. An attempt to 
illustrate some of the differences between Elizabethan and Modern 
English. By the Rev. E. A. Abbott, M.A., Head Master of the 
City of London School. For the Use of Schools. Second Edition. 
Extra fcap. 8vo. 2j. 6^. 

The object of this work is to furnish students of Shakespeare and Bacon 
with a short systematic account of some points of difference between Eliza- 
bethan syntax and our own. A section on Prosody is addedy and Notes 
and Questions, To the new edition a complete index to all the lines of 
Shakespear^s plays referred to has been added, 

ATLAS OF EUROPE. GLOBE EDITION. Uniform in size 
with Macmillan*s Globe Series, containing 45 Coloured Maps, on 
a uniform scale and projection : with Plans of London and Paris, 
and a copious Index. Strongly bound in half-morocco, with flexible 
back, 9J. 

This Atlas includes all the countries of Europe in a series of 48 Maps, 
drawn on the same scale, with an Alphabetical Index to the situatufn of 
more than ten thousand places ; and the relcUion of the various maps and 
countries to each other is defined in a general Key-map, The identity of 
scale in all the maps facilitates the comparison of extent and distance, and 
conveys a just impression of the magnitude oj different countries. The 
size suffices to show the provincial divisions, the railways and main roads, 
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the principal rivers and mountain ranges, " This ailas^^ writes the 
British Quarterly, " will be an invaluable boon for the school^ the desk^ or 
the traveller's portmanteau,^* 

Bates *& Lockyer.— A CLASS-BOOK OF GEOGRAPHY. 
Adapted to the recent Programme of the Royal Geographical 
Society. By H. W. Bates, Assistant Secretary to the Royal 
Geographical Society, and J. N. Lockyer, F.R.A.S. 

[In the Press. 

CAMEOS FROM ENGLISH HISTORY. From Rollo to Edward 
II. By the Author of "The Heir of Redclyffe." Extra fcap. 
8vo, Second Edition, enlarged. 5^. 

The endeavour has not beeit to chronicle facts^ but to put together a series 
^/pictures of persons and ez/ents^ so as to arrest the cUtention^ and give 
some individuality and distinctness to the recollection^ by gathering together 
details at the most memorable moments. The " Cameos " are intended as 
a book for young people just beyond the elementary histories of England^ 
and able to enter in some degree into the real spirit of events^ and to be 
struck with characters and scenes presented in some relief " Instead oj 
dry details" says the Nonconformist, *^we have living pictures y faithful j 
vivid, and striking^," 

Delamotte.— A BEGINNER'S drawing book. By p. 

H. Delamotte, F.S.A. Progressively arranged, with upwards of 
Fifty Plates. Crown 8vo. Stiff covers, 2s, 6d. 

This work is inteiuled to give such instruction to Beginner^ in Drawing, 
and to place before them copies so easy, thcU they may not find any obstctcle 
in making the first step. Thenceforward the lessons are gradually 
Progressive. Mechanical improvements too have lent their aid. The whole 
of the Plates have been engraved by a new process, by means of which a 
varping depth of tone — up to the present time the distinguishing character- 
istic of pencil drawing — has been imparted to woodcuts. 

Freeman (Edward A., M.A.). — OLD ENGLISH 

HISTORY FOR CHILDREN. By Edward A. Freeman, 
M. A., late Fellow of Trinity College, Oxford. With Five Coloured 
Maps. Extra fcap. 8vo. , half-bound, ds. 
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** Its object is to show that clear ^ accurate^ and scientific views of history^ 
or indeed of any subject^ may be ea^y given to children from the very first. 
. . . . / have^ I hope, shown that it is perfectly easy to teach children, 
from the very first, to distinguish true history alike from legend and from 
wilful invention, and also to understand the nature of historical authori- 
ties and to weigh one statement against another. . . . I have throughout 
striven to connect the history of England with the general history of 
civilized Europe, and I have especially tried to make the book serve as an 
incentive to a more accurate study of historical geography.^' — Preface. 

HISTORICAL SELECTIONS. Readings from the best Authorities 
on English and European History. Selected and Arranged by 
E. M. Sewell and C. M. Yonge. Crown 8vo. 6j. 

Wheft young children have ctcquired the outlines of History from abridg- 
ments and catechisms, and it becomes desirable to give a more enlarged 
view of the stibject, in order to render it really useful and interesting, a 
difficulty often arises as to the choice of books. Two courses are open, either 
to take a general and consequently dry history of facts, such as RusseVs 
Modern Europe, or to choose some work treating of a particular period or 
subject, such as the works of Macaulay and Froude. The former course 
usually renders history uninteresting; the latter is unsatisfactory, because 
U is not sufficiently comprehensive. To remedy this difficulty selections, 
continuous and chronological, have, in the present volume, been taken from 
th^ larger works of Freeman, Milman, Palgrave, and others, which may 
serve as distinct landmarks of historical reading. " We know of scarcely 
anything,^^ says the Guardian, of this volume, ** which is so likely to raise 
to a higher level the average standard of English education." 

Hole. —A GENEALOGICAL STEMMA OF THE KINGS OF 
ENGLAND AND FRANCE. By the Rev. C. Hole. On 
Sheet. IS, 

The different families are printed in distinguishing colours, thus 
facilitating reference. 

A BRIEF BIOGRAPHICAL DICTIONARY. Compiled and 
Arranged by Charles Hole, M.A., Trinity College, Cambridge. 
Second Edition, i8mo. neatly and strongly bound in cloth. 45*. 6d. 
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The inquiry is frequently made concerning an eminent man^ when did 
he live, or for what was he celdfrated, or what biographies have we about 
him ? Such information is concisely supplied in this dictionary. It contains 
more than 18,000 names. Extreme care has been bestowed on the verifica- 
tion of the dates, and thus numerous errors current in prevwus works have 
been corrected. Its size adapts it for the desk, portmanteau, or pocket, 

** An invaluahle addition to our manuals of reference, and from its 
moderate price cannot faU to become cu popular as it is useful,*' —Times, 

Jephson.— SHAKESPEARE»S TEMPEST. With Glossarial 
and Explanatory Notes. By the Rev. J. M. Jephson. i8mo. 
is. 6d, 

It is important to find some substitute for classical study, and it is 
believed that such a substitute may be found in the Plays of Shakespeare. 
Each sentence of Shakespeare becomes, like a sentence in Thucydides or 
Cicero, a lesson in the origin and derivation of words, and in the funda- 
tnenial rules of grammatical construction. On this principle the present 
edition of the " Tempest" has been preparal. The text is taken from the 
** Cambridge Shakespeare," 

Oppen.— FRENCH READER. For the Use of Colleges and 
Schools. Containing a graduated Selection from modem Authors 
in Prose and Verse ; and copious Notes, chiefly Etymological. By 
Edward A. Oppen. Fcap. 8vo. cloth. 4r. 6d, 

This is a Selection from the best modern authors of France. Its dis^ 
tinctive feature consists in its etymological notes, connecting French with 
the classical and modern languages, including the Celtic. This subiect 
has hitherto been little discussed even by the best-educated teachers. 

A SHILLING BOOK OF GOLDEN DEEDS. A Reading Book 
for Schools and General Readers. By the Author of " The Heir 
of Redclyffe." i8mo. cloth. 

A record of some 0/ the good and great deeds of all time, abridged from 
the larger work of the same author in the Golden Treasury Series, 
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Sonnenschein and Meiklejohn. — the ENGLISH 

METHOD OF TEACHING TO READ. By A. Sonnenschein 
and J. M. D. Meiklejohn, M.A. Fcap. 8vo. 

Comprising. 

The Nursery Book, containing all the Two-Letter Words in the 
Language. \d. 

The First Course, consisting of Short Vowels with Single 
Consonants, '^d. 

The Second Course, with Combinations and Bridges, con- 
sisting of Short Vowels with Double Consonants. 4^/. 

The Third and . Fourth Courses, consisting of Long 
Vowels, and all the Double Vowels in the Language, dd. 

A Series of Books in which an attempt is made to place the process of 
learning to read English on a scientific basis. This has been done by 
separating the perfectly regular parts of the language from the irregular^ 
and by giving the regtdar parts to the learner in the exact order of their 
difficulty. The child begins with the smallest possible element^ and adds to 
that element one letter— in only one of its functions — at one time. Thus 
the sequence is natural and complete. 

Vaughan, C. M. -— a shilling book of words 

FROM THE POETS. By C. M. Vaughan. i8mo. cloth. 

// has been felt of late years that the children of our parochial schools, 
and those classes of our countrymen which they commonly represent, are 
capable of being interested, and therefore benefited also, by something higher 
in the scale of poetical composition than those brief and somewhat puerile 
fragments to which their knowledge was formerly restricted. An attempt 
has here been mctde to supply the want by forming a selection at once 
various and unambitious ; healthy in tone, just in sentiment, elevating in 
thought, and beautiful in expression, 

Thring. — Works by Edward Thring, M.A., Head Master of 

Uppingham. 
THE ELEMENTS OF GRAMMAR TAUGHT IN ENGLISH, 

with Questions. Fourth Edition. i8mo. Zs, 
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Thring — {continued). 

This little work is chiefly intended for teachers and learners. It took its 
rise from questwnings in National Schools ^ and the whole of the first part 
is merely the writing out in order the answers to questions which have been 
used already with success, A chapter on Learning Language is especially 
addressed to teachers, 

THE CHILD'S GRAMMAR. Being the Substance of "The 
Elements of Grammar taught in English," adapted for the Use of 
Junior Classes. A New Edition. i8mo. u. 

SCHOOL SONGS. A CoUection of Songs for Schools. With the 
Music arranged for four Voices. Edited by the Rev. K Thring 
and H. Riccius. Folio. 7j. 6df. 

There is a tendeticy in schools to stereotype the forms of life. Any genial 
solvent is valuable. Games do much; but games do not penetrate to 
domestic life, and are much limited by age. Music supplies the want. 
The collection includes the ''^ Agnus Dei^^*' Tennyson^ s ^^ Light Brigade" 
Macaulay^s ^* Jvry," <Sr»r. amon^ other pieces. 

Trench, Archbishop. — HOUSEHOLD BOOK OF ENG- 
LISH POETRY. Selected and Arranged, with Notes, by 
R. C. Trench, D.D., Archbishop of Dublin. Extra fcap. 8vo. 
5^. 6d. 

This volume is called a ** Household Booky^ by this name implying that 
it is a book for all — that there is nothing in it to prevent it from being 
confidently placed in the hands of every member of the household. Sped- 
mens of all classes of poetry are given, including selections from Irving 
authors. The Editor has aimal to produce a book " which the emigrant, 
finding room for little not absolutely necessary, might yet find room for it 
in his trunk, and the traveller in his knapsack, and that on some narrow 
shelves where there are few books this might be one" 

" The Archbishop has conferred tn this delightful volume an important 
gift on the whole English-speaking population of the world," — Pall Mall 
Gazette. 
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Hardwick.— A HISTORY OF THE CHRISTIAN CHURCH. 
Middle Age. From Gregory the Great to the Excommunication 
of Luther. By Archdeacon Hardwick. Edited by Francis 
Procter, M.A. With Four Maps constructed for this work by 
A. Keith Johnston. Second Edition. Crown 8vo. lor. 6d, 

Tlu ground'plan of this treatise coincides in many points with one 
adopted at the close of the last century in the colossal work of Schrockh^ and 
since that time by others of his thoughtful countrymen ; but in arranging 
the materials a very different course has frequently been pursued. With 
regard to the opinions of the author ^ he is willing to avow distinctly thcU he 
has construed history with the specific prepossessions of an Englishman and 
a member of the English Church. The reculer is constantly referred to 
the authorities, both original and critical, on which the statements are 
founded, 

A HISTORY OF THE CHRISTIAN CHURCH DURING THE 
REFORMATION. By Archdeacon Hardwick. Revised by 
Francis Procter, M.A. Second Edition. Crown 8yo. \os,td. 

This volume is intended cu a sequel and companion to the ^^ History of 
the Christian Church during the Middle AgeP The authot^s earnest 
wish hcts been to give the recLder a trustworthy version of those stirring 
incidents which mark the Reformation period, without relinquuhing his 
former claim to characterise peculiar systems, persons, and events according 
to the shades and colours they cusume, when contemplated from an English 
point of view, and by a member of the Church of England, 
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Maclear. — Works by the Rev. G. F. MACLEAR, B.D., Head 
Master of King's College School, and Preacher at the Temple 
Church. 

A CLASS-BOOK OF OLD TESTAMENT HISTORY. Fourth 
Edition, with Four Maps. i8mo. cloth. 4r. 6^. 

This volume forms a Class-book of Old Testament History Jrom the 
earliest times to those of Ezra and Nehemiah, In its preparation the 
most recent authorities have been consulted^ and wherever it has appeared 
useful^ Notes have been subjoined illustrative of the Text^ and, for the sake 
of more advanced students, references added to larger works. The Index 
has been so arranged cu to form a concise dictionary of the persons and 
places mentioned in the course of the narrative; while the maps, which have 
been prepared with considerable care at Stanford's Geographical Establish- 
ment, will, it is Jioped, materially add to the value and usefulness of the 
Book. 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, including 
the Connexion of the Old and New Testament. With Four Maps. 
Third Edition. i8mo. cloth. 5j. td. 

A sequel to the author^ s Class-book of Old Testament History, continuing 
the narrative from the point at which it there ends, and carrying it on to 
the close of St. PauVs second imprisonment at Rome. In its preparation, 
as in thai of the former volume, the most recent and trustworthy authorities 
have been consulted, notes subjoined, and references to larger works cuided. 
It is thus hoped that it may prove at once an useful class-book and a 
convenient companion to the study of the Greek Testament, 

A SHILLING BOOK OF OLD TESTAMENT HISTORY, for 
National and Elementary Schools. With Map. i8mo. cloth. 

A SHILLING BOOK OF NEW TESTAMENT HISTORY, for 
National and Elementary Schools. With Map. iSmo. cloth. 

These works have been carefully abridged from the author's larger 
manucUs. 
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Maclear (Rev. G. F.) — tontinued. 

CLASS-BOOK OF THE CATECHISM OF THE CHURCH OF 
ENGLAND. Second Edition. i8mo. cloth, is, 6d, 

This may be regarded as a sequel to the Class-books of Old and New 
Testament History. Like them^ it is furnished with notes and references 
to larger works, and it is hoped that it may be found, especially in the 
higher forms of our Public Schools, to supply a suitable manual oj 
Instruction in the chief doctrines of the English Church, and a useful 
help in the preparation of CandidcUes for Confirmation. 

A FIRST CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND, with Scripture Proofs, for Junior 
Classes and Schools. i8mo. dd. 

THE ORDER OF CONFIRMATION. A Sequel to the Class 
Book of the Catechism. For the use of Candidates for Confirma- 
tion. With Prayers and Collects. i8mo. 3^. 

Procter. — a history of the book of common 

PRAYER, with a Rationale of its Offices. By Francis Procter, 

M.A. Hghth Edition, revised and enlarged. Crown Svo. 

icxr. 6df. 

In the course of the last twenty years the whole question of Liturgicat 

knowledge has been reopened with great learning and accurate research, 

and it is mainly with the view of epitomizing extensive publications, and 

correcting the errors and misconceptions which had obtaifted currency, 

thai the present volume has been put together. 

Procter and Maclear.— an elementary intro- 
duction TO THE BOOK OF COMMON PRAYER. 
Third Edition, re-arranged and supplemented by an Explanation 
of the Morning and Evening Prayer and the Litany. By the Rev. 
F. Procter and the Rev. G. F. Maclear. Fourth Edition. i8mo. 
2j. dd. 
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Procter and Maclear — continued. 

As in tJu other Class-books of the series^ notes have also been subjoined, 
and references given to larger worksy and it is hoped that the volume will 
he found adapted for use in the higher forms oj our Public Schools^ and a 
suitable manual for those preparing for the Oxford and Cambridge local 
examinations. This new Edition has been considerably altered^ and 
several important additions have been made. Besides a re-arrangetnent 
of the work generally^ the Historical Portion has been supplemented by an 
Explanation of the Morning and Evening Prayer and of the Litany. 

PSALMS OF DAVID CHRONOLOGICALLY ARRANGED. 
BY FOUR FRIENDS. An Amended Version, with Historical 
Introduction and Explanatory Notes. Crown 8vo. lOf. (id. 

To restore the Psalter as far as possible to the order in which the Psalms 
were written^ — to give the division of each Psalm into strophes ^ of each 
strophe into the lines which composed it^ — to amend the errors of translation ^ 
is the object of the present Edition. Professor Ewalds worksy especially 
that on the PscdmSy have been extensively consulted. 

This book has been used with satisfaction by masters for private work in 
higher classes in schools. 

Ramsay. — THE CATECHISER'S MANUAL; or, the Church 
Catechism illustrated and explained, for the use of Clergymen, 
Schoolmasters, and Teachers. By the Rev. Arthur Ramsay, 
M.A. Second Edition. i8ma i^. (id. 

A clear explanation of the Catechism, by way of question and answer. 

Simpson.— AN EPITOME OF THE HISTORY OF THE 
CHRISTIAN CHURCH. By William Simpson, M.A. 
Fourth Edition. Fcap. 8vo. jj. 6d. 

A compendious summary of Church History. 
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SwainSOn.— A HANDBOOK to BUTLER'S ANALOGY. By 
C. A. SWAINSON, D.D., Norrisian Professor of Divinity a 
Cambridge. Crown 8vo. ts. 6d. 
This manual is designed to serve as a handbook or road-book to the 

Student in reading the Analogy^ to give the Student a sketch or outline map 

of the country on which he is entering, cmd to point out to him matters of 

interest as he passes along. 

\VestCOtt. — A GENERAL SURVEV OF THE HISTORY 
OF THE CANON OF THE NEW TESTAMENT DURING 
THE FIRST FOUR CENTURIES. By Brooice Foss West- 
COTT, B.D., Canon of Peterborough. Second Edition, revised. 
Crown 8vo. lor. 6d. 
The Author hcu endeavoured to connect the history of the New Testament 
Canon with the growth and consolidation of the Churchy and to point out 
the relation existing between the amount of evidence for the authenticity of 
its component parts, and the whole mass oj Christian literature. Such a 
method of inquiry will convey both the truest notion of the connexion of the 
written Word with the living Bocfy of Christ, and the surest conviction of 
its divine authority. 

Of this work the Saturday Review writes: " Theological students, and 
not they only, but the general public, owe a deep debt of gratitude to 
Mr, Westcottfor bringing this subject fairly before them in this candid and 
comprehensive essay. , , . . As a theological work His at once perfectly fair 
and impartial, and imbued with a thoroughly religious spirit; and as a 
manual it exhibits, in a lucid form and in a narrow compass, the res^ults 
of extefisvve resMrch and accurate thought. We cordially recommend it, " 

INTRODUCTION TO THE STUDY OF THE FOUR GOSPELS. 
By Brooke Foss Westcott, B.D. Third Edition. Crown 8vo. 
lOr. ^d. 

This book is intended to be an Introduction to the Study of the Gospels, 
The author hcu made it a point carefully to study the researches of the great 
Tvriters, and consciously to neglect none. There is an elaborate discussion 
appended ** On the Primitive Doctrine of Inspiration,^ 

D 
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Westcott (Canon) — continued. 

A GENERAL VIEW OF THE HISTORY OF THE ENGLISH 
BIBLE. By Brooke Foss Westcott, B.D. Crown 8vo. lor. 6^. 

" The first trustworthy account we have had of that unique and mar- 
vellous monument of the piety of our ancestors.** — Daily News. 



THE BIBLE IN THE CHURCH. A Popular Account of the 
Collection and Reception of the Holy Scriptures in the Christian 
Churches. Second Edition. By Brooke Foss Westcott, B.D. 
i8mo. cloth, 4r. 6d. 

The present book is an attempt to answer a request^ which has been made 
from time to time^ to plcue in a simple form^ for the use of general readers^ 
the substance of the author^ s *^ History of the Canon of the New Testament.** 
An elaborate and comprehensive Introduction is followed by chapters on 
the Bible of the Apostolic Age; on the Growth of the New Testament; the 
Apostolic Fathers ; the Age of the Apologists ; the First Christian Bible ; 
the Bible Proscribed and Restored; the Age of Jerome and Augustine ; 
the Bible of the Middle Ages in the West and in the East^ and in the 
Sixteenth Century. Two appendices on the History of the Old Testament 
Canon before the Christian Era, and on the Contents of the most ancient 
MSS. of the Christian Bible, complete the volume^ 



THE GOSPEL OF THE RESURRECTION. Thoughts on its 
Relation to Reason and History. By Brooke Foss Westcott, 
B.D. New Edition. Fcap. 8vo. 4r. 6d, 

This Essay is an endeavour to consider some of the elementary truths 
of Christianity as a miraculous Revelation from the side of History and 
Reason. If the arguments which are here adduced are valid, they will go 
far to prove thcU the Resurrection, with all that it includes, is the key to^ 
the history of man, and the complement of reason. 
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\Vilson.— AN ENGLISH, HEBREW, AND CHALDEE 
LEXICON AND CONCORDANCE, to the more Correct 
Understanding of the English translation of the Old Testament, 
by reference to the Original Hebrew. By William Wilson, 
D.D., Canon of Winchester, late Fellow of Queen's College, 
Oxford. Second Edition, carefully Revised. 4to. cloth. 25^. 

T?ie aim af this work is, that it should be useful to clergymen and all 
persons engaged in the study of the Bible, even when they do not possess a 
knowledge of Hebrew ; while able Hebrew scholars have borne testimony to 
the help that they themselves have found in it. 

Wright, W. Aldis (Co-Editor of the" Cambridge Shakespeare "). 
—THE BIBLE WORD-BOOK. A Glossary of Old English 
Bible Words. By J. Eastwood, M. A., of St. John's College, and 
W. Aldis Wright, M.A., Trinity College, Cambridge. i8mo. 
5j. td. 

It is the object of this Glossary to explain and illustrate all such words, 
phrases^ and constructions, in the Authorized Version of the Old and Neiv 
Testaments and the Apocrypha, and in the Book of Common Prayer, as 
are either obsolete or archaic. Full explanations are supplied, and these 
illustrated by numerous citations from the elder writers. An index of 
editions quoted is appended. Apart from its immediate subject, this work 
serves to iUusirate a well-marked period i9t the history of the English 
language. It is thus of distinct philological value. 
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BOOKS OF EDUCATION. 



Arnold.— A FRENCH ETON; OR, MIDDLE CLASS 
EDUCATION AND THE STATE. By Matthew Arnold. 
Fcap. 8vo. cloth. 2J. 6fl. 

**y# very interesting dissertation on the system of secondary instruction 
in France^ and on the advisability o/ copying the system in England" — 
Saturday Review. 

SCHOOLS AND UNIVERSITIES ON THE CONTINENT. 
8vo. lar. 6d. 

The Author wets in 1865 charged by the Schools Inquiry Commissioner s 
with the task of investigating the system of education for the middle and 
upper classes in France^ Italy, Germany, and Switzerland. In the dis' 
charge of this task he was on the continent nearly seven months, and 
during that time he visited the four countries named, and made a careful 
study of the matters to which the Commissioners hcui diraial his attention. 
The present volume contains the report which he made to them. It is here 
adapted to the use of the general reader, 

ESSAYS ON A LIBERAL EDUCATION. Edited by the Rev. 
F. W. Farrar, M.A., F.R.S., Assistant Master at Harrow, 
late Fellow of Trinity College, Cambridge, and Hon. Fellow of 
King's College, London. Second Edition. 8va cloth. lar. 6d. 

Contents : — History of Classical Education, by Charles S. Parker y 
M,A. ; Theory of Classical Education, by Henry Sedgwick, M.A. ; 
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Uberal Education in Universities^ by John Seeley^ M,A, ; Teaching by 
means of Grammar y by JE. E, Bowen, M,A, ; Greek and Latin Verse- 
Composition^ by the Rev » F, W, Farrar ; Natural Science in Schools y by 
J. M, mison, M.A., F.G.S,; The Teaching of English, by J. W. Hales, 
M.A. ; Education of the Reasoning FacultieSy by W. yohnson, M.A, / 
T^e present Social Results of Classical Education, by Lord Houghton, 

The Authors have sought to hasten the expansion and improvement of 
liberal education by showing in what light some of the most interesting 
questions of Educational Reform are inewed by men who have had 
opportunities for forming a judgment respecting them, and several oj 
whom have been for some time engaged in the work of education at our 
Universities and Schools. 



Farrar.— ON some defects in public school 

EDUCATION. A Lecture delivered at the Royal Institution. 
With Notes and Appendices. Crown 8vo. \s. 



Jex-Blakc— A visit to some American schools 

AND COLLEGES. By Sjophia Jex-Blake. Crown 8vo. cloth. 

" In the following pages I have endeavoured to give a simple and accurate 
account of what I saw during a series of visits to some of the Schools and 
Colleges in the United States, , , , I wish simply to give other teachers an 
opportunity of seeing through my eyes whcU they cannot perhaps see for 
themselves, and to this end I have recorded just such particulars as I should 
mysdfcare to know,'* — Author's Preface. 

*^Jkfiss Blake gives a living picture of the Schools and Colleges them^ 
selves in which that education is carried tf«."— Pall Mall Gazette. 



Thring. — education and school. By the Rev. Edward 
Thring, M.A., Head Master of Uppingham. Second Edition. 
Crown 8ya cloth. 51. 6d, 
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Youmans.— MODERN culture : itsTrae Aims and Require- 
ments. A Series of Addresses and Arguments on the Claims of 
Scientific Education. Edited by Edward L. Youmans, M.D. 
Crown 8vo. &r. dd. 

Contents : — Professor Tyndall on the Study of Physics ;^ Dr, Daubeny 
on the Study cf Chemistry ; Professor Henfrey on the Study of Botany i 
Professor Huxley on the Study of Zoology ; Dr. J, Paget on the Study oj 
Physiology ; Dr. Whewell on the Educational History of Science ; Dr., 
Faraday on the Education of the Judgment; Dr, Hodgson on the Study 
of Economic Science ; Mr. Herbert Spencer on Political Education; 
Professor Masson on College Education and Self Education; Dr. Youmans 
on the Scientific Study of Human Nature. An Appendix contains extracts 
from distinguished authors, and from the Scientific Erndence given before 
the Public Schools Commission. 
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